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The Kramers problem for quantum fermi-gases with specular - diffuse boundary 
conditions of the kinetic theory is considered. On an example of Kramers problem 
the new generalised method of a source of the decision of the boundary problems 
from the kinetic theory is developed. The method allows to receive the decision with 
any degree of accuracy. At the basis of a method lays the idea of representation of 
a boundary condition on distribution function in the form of a source in the kinetic 
equation. By means of integrals Fourier the kinetic equation with a source is reduced 
to the integral equation of Fredholm type of the second kind. The decision is received 
in the form of Neumann's series. 

PaccMaTpHBaeTca KjiaccuHecKaa npo6jieMa KUHeTHHecKofi Teopuu fljia KBauTOBo- 
ro 4)epMH-ra3a - sa/xana KpaMepca c sepKajibuo - ^HcjjcjjyaHbiMH rpanHHUbiMH ycjio- 
BHJiMH. Sa^ana KpaMepca - 3to aa^ana o HaxoJK/i,eHHH cJjyHKi^HH pacnpe^ejieHHa, 

MaCCOBOH CKOpOCTH H CKOpOCTH CKOJIbJKeHHH paspeJKeHHOrO rasa BflOJIb njIOCKOH 

TBepflioA noBepxHOCTH B cjiynae, Kor/ia ras flBHJKeTCH Bflojib HeKOTopoit och, b^ojib 
KOTopoii H B/iajiH OT CTeuKH 3a/],aH rpaflHCHT MaccoBoii CKopocTH rasa, nojiyneno pe- 
menne nojiynpocTpancTBeHHOH saflann KpaMepca o6 nsoTepMnnecKOM CKOJibJKeHHH 
o/iHoaTOMHoro rasa c nocTOHHHolt nacTOTOH ctojikhobchiih MOJiexyji h c sepKajibHO 
- /IHcJjcJjysHbiMH rpaHHHHbiMH ycjioBHHMH . HpHMeHHeTCH HOBbiH MCTO/i; pemeHHH 



3 



rpaHHHHbix 3a/],aH KHHeTHHecKOH Teopiiii. MeTOfl nosBOJiaeT nojiyHHTb peineHHe c 
npoHSBOjibHOH CTeneHbio tohhocth. B ocHOBe MeTOfla jiejKHT Hflea npeflCTaBjieHHH 
rpaHHHHoro ycjioBHH na 4)yHKu;Hio pacnpe/i,ejieHHH b Bap^e HCTOHHHKa b KHHeTHHe- 
CKOM ypaBHeHHH. PemeHHe nojiyneHO b Bnpfi pa^a HeftMana. 

Key words: quantum Fermi-gas, constant collision frequency, the Kramers 
problem, reflection - diff^usion boundary conditions, the Neumann series. 

PACS numbers: 51. Physics of gases, 51.10.+y Kinetic and transport theory of 
gases. 



1 BBe^eHHG. O TOHHbix pemeHHax rpaHHHHbix sa^an 

KHHeTHHecKoii TeopHH 

Safla^a Kpaiviepca 5iBji5ieTC5i o^hoh h3 Ba^KHeftrnHx sa^an KHneTHHecKoft 
TeopHH rasoB. 9Ta sa^a^a HMeeT 6ojibmoe npaKTHHecKoe snaHeHHe. PemeHne 

3T0H Sa^aHH H3JI0>KeH0 B TaKHX MOHOrpa4)HJ5X, KaK [I] H [2]. 

1.1 HcTopHH npo6jieMi>i 

Bojiee nojiyBGKa TOMy nasa/i, K. M. Keiis b cbogh SHaivieHHTOH paGoTe [3] 
3ajio>KHji ocHOBbi aHajiHTHHecKoro pemeHH5i rpaHHHHbix sa^aH TeopHH ne- 
penoca. Hp^esi SToro MeTO^a cocT05ijia b cjieflyiom,eM: HaftTH o6m,ee pemeHne 
Heo/],HopoflHoro xapaKTepncTHHecKoro ypaBHeHHH, OTBeHaiom,ero ypaBHennio 
nepenoca, b Kjiacce o6o6m,eHHbix 4)yHKn,HH b BH^e cyMMbi flbyx o6o6m,eHHbix 
4)yHKn,HH - rjiaBHoro snanewsi HHTerpajia V.P.x~^ (valeur principal) h cjia- 
raeMoro, HpoHopH,HOHajibHoro /],ejibTa-4)yHKn,HH ^npaxa. 

HepBoe H3 3THX cjiaraeMbix 5iBji5ieTC5i nacTHbiM pemeHneM HeoflHopo;],HO- 
ro xapaKTepHCTHHecKoro ypaBHeHHH, a BTopoe HBjineTCH o6m,HM pemeHneM 
cooTBeTCTByK)m,ero o^HopoflHoro ypaBHenna, OTBeHaK)m,ero HeoflHopoflHOMy 

XapaKTepHCTHHeCKOMy. K034)4)HH,HeHT0M HpOHOpH,HOHajIbHOCTH B 3T0M Bbl- 

pa>KeHHH CTOHT TaK HasbiBaeMaa flHCHepcHOHHaa 4)yHKH,HH. HyjiH flncnep- 

CHOHHOii 4)yHKH,HH CBHSaHbl BSaHMHO OflHOSHaHHO C HaCTHblMH pemeHH5iMH 

HCxoflHoro ypaBHeHHH nepenoca. 
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K xapaKTepHCTHHecKOMy ypaBHenHio mm npHxoflHM nocjie 3KcnoHeHi],H- 
ajibHoro (corjiacHO Sftjiepy) pas^ejieHHsi nepeMennbix b ypaBHeHHH nepeno- 
ca. C noMombK) cneKTpajibHoro napaivieTpa mm pa3/],eji5ieM npocTpaHCTBen- 
HyK) H CKopocTHyK) nepeMGHKbie b ypaBHeHHH Hepenoca. 

06ni,ee pemeHne xapaKTepncTHHecKoro ypaBHeHHH co^ep^KHT b KanecTBe 
nacTHoro pemenHH cnnryjisipHoe siflpo Kohih V. P. [r] — snaMenaTejib 
KOToporo ecTb pasHOCTb CKopocTHoft H CHeKTpajibHOH HepeMeHHoii. 

MMeHHO 5iApo Kohih H03BOJi5ieT HCHOJibsoBaTb bck) Mom,b MeTOflOB TeopHH 

4)yHKH,HH KOMHJieKCHOrO HepeMeHHOrO - B HaCTHOCTH, TeopHH KpaeBMx 3a/],aH 

PHMana — FHjibGepTa. 

HxaK, HOCTpoenne co6cTBeHHbix (|)yHKH,HH xapaKTepncTHHecKoro ypabne- 

HH5I HpHBO/];HT K HOHHTHK) /],HCHepCHOHHOrO ypaBHeHH5I, KOpHH KOTOpOrO Ha- 
XOp^5lTC5l BO BSaHMHO OflHOSHaHHOM COOTBeTCTBHH C HaCTHMMH (/],HCKpeTHbI- 

mh) pemeHH5iMH HCxo^Horo ypaBHennsi nepenoca. 

06Hi,ee pemenne rpannnHbix sa^an ^jih ypaBHeHHH nepenoca Hm,eTC5i b 

BHp^e JIHHeiiHOH K0M6HHaH,HH flHCKpeTHMX peHieHHH C HpOHSBOJIbHMMH KOScJ)- 
4)HH,HeHTaMH (STH K034)4)HH,HeHTbI HaSblBaiOTCH flHCKpeTHMMH K034)(|)HH,HeH- 

TaMn) H HHTerpajia ho CHeKTpajibHOMy napaMexpy ot co6cTBeHHOH 4)yHKH,HH 
HenpepbiBHoro cneKTpa, yMHO>KeHHbix na HensBecTHyio 4)yHKH,HK) (ko34)4)h- 
H,HeHT HenpepbiBHoro cneKTpa). HcKOTopbie ^HCKpeTHbie K034)4)HH,HeHTbi sa- 

;];ai0TC5I H CHHTaiOTCH HSBCCTHMMH. ^HCKpCTHMC K034)4)HH,HeHTbI OTBCHaiOT 
flHCKpCTHOMy CHCKTpy, HJIH, B HCKOTOpblX CJiyHaHX, OTBCHaiOT CHCKTpy, HpH- 

coeflHHeHHOMy k HenpepbiBHOMy. 

rioflCTanoBKa o6m,ero pemennH b rpaHHHHbie ycjiOBHH npHBO^HT k hh- 
TcrpajibHOMy CHHryjinpnoMy ypaBHCHHio c iippoM KoniH. PenieHHC 3Toro 
ypaBHeHHH hosbojihct hoctpohtb pemcHHe hcxo^hoh rpannHHOH sa^anH ^jih 
ypaBHeHHH nepenoca. 

/^CHCTByH HMCHHO TaKHM CHOC06OM, K. HcpHHHbHHH B 1962 F. B paSOTC [4] 

HOCTpoHji TOHHoe pcHieHHe sa^aHH KpaMcpca 06 nsoTepMnnecKOM CKOJib>Ke- 
HHH. 3Ta sa^ana HBjineTCH Ba>KHOH coflep>KaTejibHOH saflaneH KHHCTHHecKOH 
TeopHH. 

Pa6oTbi P, H] 3ajio»:HjiH ochobm anajiHTHnecKHx MeTO/],OB p^jiii HOJiynenHH 
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TOHHblX pemeHHH MOflejIbHblX KHHGTHHeCKHX ypaBHeHHH. 

3aTeM B pa6oTax [5]-[B] HepHHHbHHH h ero coaBTopbi nojiy^HjiH psifl sna- 
HHTejibHbix pesyjibTaTOB KHHGTHHecKOH TeopHH rasoB. 3th pesyjibTaTbi 
nojiyHHjiH flajibHGHmee o6o6meHHe b HaniHx nocjie/],yK)mHx pa6oTax. 

06o6meHHe SToro MeTO^a na BeKTopHbiH cjiyHaii (cHCTeivibi KHHeTHnecKHx 
ypaBHeHHft) HaTajiKHBaeTC5i na SHaHHTejibHbie Tpy^HOCTH (cm., nanpHMep, 

[2]). C TaKHMH Tpy^HOCTHMH CTOJIKHyjIHCb aBTOpbl pa60T P, [H], B KOTO- 

pbix flejiajiHCb nonbiTKH peniHTb sa^a^y o TeivinepaTypHOM CKa^Ke (sa^a^a 
CiviojiyxoBCKoro) . 

HpeoflOJieTb 3th TpyflHOCTH y^ajiocb b pa6oTe [12], b KOTopoft BnepBbie 
p,&HO pemeHHe sa^aHH CiviojiyxoBCKoro. Saxeivi STa sa^a^a 6bijia oGoGinena 
Ha cjiynaft cjia6oro HcnapeHHa [13] - [I^, He M0JieKyji5ipHbie rasbi [15] h [16], 
na 6e3MaccoBbie Bose - rasbi, na CKanoK TeivraepaTypbi b MeTajiJie (cjiynafi 
Bbipo>KfleHHOH njiasMbi) [IB] H [12], H Ha flpyrne Hpo6jieMbi [2D] h |21] . 

3aTeM B pa6oTax [22] h [23] 6bijio flano pemeHne sa^anH o6 yiviepeHHO 
CHjibHOM HcnapeHHH (KOH;],eHcai],HH) . OflHOMepnaH sa^a^a o CHjibHOM Hcna- 
peHHH 6bijia nocTaBjiena b pa6oTe [21] h 6bijia c^ejiana nonbiTKa nojiy^HTb 
ee TOHHoe pemeHne. 

Sa^a^a o TeMnepaTypHOM CKa^Ke flji5i BFK - ypaBHGHHsi c HacTOToft 
CTOJiKHOBeHHii, nponopLi,HOHajibHOH MopjjiK) CKopocTH MOJieKyji, 6bijia peme- 
Ha MeTOflOM BHHepa — Xon4)a b pa6oTe [25]- SaTeivi b 6ojiee oGmeii nocTa- 
HOBKe c y^eTOM cjia6oro HcnapeHHH (KOHfleHcai],HH) STa sa^a^a Gbijia pemena 
MeTOflOM Keftsa b HameH pa6oTe [26]. 

Sa^a^a Kpaiviepca b flajibHeftmeM 6bijia o6o6meHa na cjiyHaft 6HHapHbix 
rasoB [27] - [[3D], 6bijia pemena c HcnojibsoBaHHeivi BbicniHx MOflejieii ypaB- 
HeHHH BojibH,MaHa [31] - [33], 6bijia o6o6m,eHa na cjiyHaii sepKajibHO - ahcJ)- 
4)y3Hbix rpaHHHHbix ycjiOBHH [34] - [36] . 

HecTaH,HOHapHbie sa^aHM fljia KHneTHnecKHx ypaBHenHii paccMaTpHBa- 
jiHCb B HaniHx pa6oTax [^STj h [ 155] . 

PasjiHHHbie Hpo6jieMbi TeopHH ckhh - scJicJieKTa paccMaTpHBajincb b pa- 
6oTax [32] - [12]. 

B Hocjie/],Hee ^ecHTHjieTHe sa^ana KpaMepca 6bijia ccJ^opMyjinpoBana h 
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anajiHTHHecKH pemena p^jiii KBaHTOBbix rasoB [44]. 

BonpocaM TeopHH njiasMbi nocB5iineHbi HaniH pa6oTbi [15] - |57| . 

B HaniHx pa6oTax [58] - [55] 6bijiH pasBHTbi npH6jiH>KeHHbie ivieTOflbi pe- 
meHH5i rpaHHHHbix sa^aH KHHeTHHecKoii TeopHH c sepKajibHO - flH4)4)y3HbiMH 

rpaHHHHblMH yCJI0BH5IMH. 

B HacT05im,eH pa6oTe npHMeH5ieTC5i hobbih 34)4)eKTHBHbiH MeTOfl pemenHH 
rpaHHHHbix sa^aH c sepKajibHO - /],H4)4)y3HbiMH rpaHHHHbiMH ycjiOBHHMH, 
pasBHTbiH B pa6oTe [66]. 

1.2 06o6lI];eHHIjIH MGTO^ HCTOHHHKa 

B ocHOBe Hpe/],jiaraeMoro MeTO^a jie>KHT Rj\e5i BKjiiOHHTb rpaHHHHoe ycjio- 
BHe Ha 4)yHKH,HK) pacHpeflejieHH5i b bh^g HCTOHHHKa B KHHGTHHecKoe ypaBHe- 
HHG. TaK HTO HpefljiaraeMbiH MeTOfl mo>kho nasbmaTb o6o6ni,eHHbiM MeTOflOM 

HCTOHHHKa. 

CyTb HpefljiaraeMoro MeTO^a coctoht b cjie^yion^eM. CnaHajia 4)opMy- 
jiHpyeTC5i B HOJiynpocTpaHCTBe x > KjiaccHnecKasi sa^ana Kpaiviepca o6 

H30TepMHHeCK0M CKOJIb>KeHHH C SGpKajIbHO - flH4)4)y3HbIMH rpaHHHHblMH 

ycjiOBH5iMH. 3aTeM 4)yHKH,HH pacHpeflejieHHH HpoflOJi>KaeTC5i b coHp5i>KeHHoe 
HOJiynpocTpaHCTBO a: < neTHbiM o6pa30M ho HpocTpancTBeHHOH h ho cko- 
pocTHOH HepeMeHHbiM. B HOJiynpocTpaHCTBe a; < TaioKC (|)0pMyjiHpyeTC5i 
sa^ana Kpaiviepca. 

riocjie Toro KaK HOJiyneno jinneapHSOBanHoe KHHCTHnecKoe ypaBHenne 
pa3o6beM HCKOMyio 4)yHKH,Hio (KOTopyio TaK>Ke 6yj\eM nasbmaTb 4)yHKii,H- 
eft pacnpeflejieHH^) na ^Ba cjiaracMbix: HcnivieH — SHCKoroBCKyio (^ynKu^K) 
pacnpeflejieHHH has{x, fi) h BTopyio HacTb 4)yHKij,HH pacnpeflejieHHH hc{x, fi), 
OTBCHaioineH nenpepbiBHOMy cncKTpy: 

h{x, /i) = has{x, ii) + hc{x, /i), 

[as = asymptotic^ c = continuous). 

B CHjiy Toro, hto HcnivieH - SHCKoroBCKasi 4)yHKii,H5i pacnpeflejieHH5i ecTb 

JIHHeHHa5I KOM6HHaLI,H5I /],HCKpeTHbIX pemeHHH HCXO/],HOrO ypaBHCHHSI, 4)yHK- 
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d;h5i hc{x^ ji) TaKJKe iiBjiaeTCii pemeHneM KHHeTH^ecKoro ypaBHeHH5i. OyHK- 
d;h5i hc{x^ n) o6painaeTC5i b nyjib Bj\?um ot CTeHKH. Ha CTeHKe STa 4)yHKi],H5i 
yflOBjieTBop5ieT sepKajibHO - ^HcjDcjDysHOMy rpaHHHHOMy ycjiOBHio. 

^ajiee mbi npeoSpasyeM KHHeTHnecKoe ypaBHCHHe ^jih 4)yHKLi,HH 
hc{x^ ji)^ BKjiio^HB B 9T0 ypaBHeHHe B BHfle ^jiena Tnna HCTO^HHKa, jiejKaine- 
ro B njiocKOCTH X = 0, rpaHH^Hoe ycjiOBne na cxeHKe fljiii 4)yHKD;HH hc{x, ji). 
no;];MepKHeM, hto 4)yHKLi;H5i hc{x^ ii) yflOBjieTBopaeT nojiyneHHOMy KHHeTH- 
HecKOMy ypaBHeHHK) b o6eHx conp5i>KeHHbix nojiynpocTpancTBax x < h 
x > 0. 

9to KHHeTH^ecKoe ypaBHenne mbi pemaeM bo BTopoM h neTBepTOM KBa^- 
paHTax 4)a30Boii njiocKOCTH (x,//) KaK jinneiiHoe flH4)45epeHLi;HajibHoe ypaB- 
Henne nepBoro nop5i;];Ka, CHHTaii HSBecTHbiM MaccoByio CKopocTb rasa Uc{x). 
Ha nojiyHeHHbix pemeHiifi Haxo/i,HM rpaHHHHbie aHaneHHa HeHSBecTHoii 4)yHK- 
i],HH h^ix^ji) npH a; = ±0, Bxofl5iiii,He b KHHeTHnecKoe ypaBHCHHe. 

Tenepb mm pasjiaraeM b nHTerpajibi Oypbe nensBecTHyio 4)yHKD;nio hc{x, ji)^ 
HeHSBecTHyio MaccoByio CKopocTb Uc{x) h ^ejibxa - d^yBKi\mo ^Hpaxa. Fpa- 
HHHHbie SHa^eHHii Hen3BecTHoii (J)yHKLi;HH hf{0,^) npH stom BbipajKaiOTCii 
OflHHM H TeM me HHTerpajiOM na cneKTpajibHyio njiOTHOCTb E[k) MaccoBoii 

CKOpOCTH. 

Ho;];cTaHOBKa HHxerpajiOB Oypbe b KHHeTH^ecKoe ypaBHeHHe h BbipajKe- 
HHe MaccoBoii CKopocTH HpHBOflHT K xapaKTepHCTHHecKOH CHCTeMe ypaBHe- 

HHH. ECJIH HCKJIIOHHTb H3 9T0H CHCTeMbI CHeKTpajIbHyK) HJIOTHOCTb //) 

4)yHKii,HH hc{x, ii)^ Mbi HOJiyHHM HHTerpajibHoe ypaBnenne OpeflrojibMa bto- 
poro po/],a. -Hflpo SToro ypaBnenHH nasoBeM HflpoM MaKCBejiJia — HenMana. 

C^HTaH rpaflneHT MaccoBOH CKopocTH saflannbiM, pasjiojKHM neHSBecT- 
HyK) CKopocTb CKOJib5KeHH5i, a TaKJKe cneKTpajibHbie njioTHOCTH MaccoBoii 
CKopocTH H (^yHKLi;HH pacnpeflejieHHH b piiflbi no CTeneniiM K03d^d^m\viQWYQ, 
flH4)4)y3HOCTH q (sTO p5iflbi HeHMaHa) . Ha stom nyTH mm nojiynaeM c^eTHyio 
CHCTCMy 3aii,enjieHHbix ypaBHeHHii na K034)4)Hii,HeHTbi p5iflOB flji5i cneKTpajib- 
Hbix njiOTHOCTeii. Hpn 9tom Bce ypaBnenHH na K094)4)Hij;HeHTbi cneKxpajib- 

HOil njIOTHOCTH flJIH MaCCOBOH CKOpOCTH HMeiOT OCo6eHHOCTb (nOJIKDC BTO- 

poro nopiiflKa b nyjie). HcKjno^aii 9th oco6eHHOCTH nocjieflOBaTejibHO, mm 
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nOCTpOHM BCe ^JieHbl pa^a flJia CKOpOCTH CKOJIb5KeHH5I, a TaKJKe pilflbl flJIH 

cneKTpajibHbix njiOTHOCTeft MaccoBoft CKopocTH h 4)yHKii,HH pacnpeflejieHH5i. 
B nocjieflHGM n.Mbi CHHTaeM sa^aHHbiM CKopocTb CK0Jib>KeHH5i, a Hens- 

BeCTHblM Mbl CHHTaeM BejIHHHHy rpaflHCHTa MaCCOBOH CKOpOCTH. 

1.3 HsoTepMHHecKoe CKOJii>:aceHHe b^ojib njiocKoii noBepxHOCTH 

H3JI05KHM (J)H3HKy CK0JIb:>KeHH5I raSa BflOJIb njIOCKOil nOBepXHOCTH. 

ITycTb ras saHHMaeT nojiynpocTpancTBO x > nafl TBepfloft njiocKoii 

HenOflBH>KHOH CTeHKOH. BoSbMeM flGKapTOBy CHCTGMy KOOpflHHaT C OCbK) x, 

nepneHflHKyjiHpHoi! CTeHKe, h c njiocKOCTbio (?/,^), coBnaflaiomeH co CTen- 
KOH, TaK ^To Ha^ajio Koop;];HHaT jigjkht na CTeHKe. 

HpeflnojiojKHM, hto B^ajin ot CTeHKH h BflOJib och y sa^aH rpa^HeHT Mac- 
coBoii CKopocTH rasa, BejiHHHHa KOToporo paBHa Qy. 

f duy{x) 
\ dx 

Sa^aHHe rpaflnenTa MaccoBoft CKopocTH rasa BbisbmaeT TeneHne rasa Bppjih 
CTeHKH. PaccMOTpHM 9T0 TCHeHHe B OTcyTCTBHH TaHreHH,HajibHoro rpaflnen- 
Ta flaBjieHHH h npn nocTOiiHHOH xeMnepaType. B 9thx ycjiOBHHx MaccoBaii 
CKopocTb rasa 6yfleT HMeTb TOJibKO Oflny TanreHi^HajibHyio cocTaBjiiiioinyio 

Uy{x), KOTOpaa BflajIH OT CTeHKH 6yfleT MCHilTbCil HO JIHHeHHOMy saKOHy. Ot- 

KjiOHCHHe OT jiHHeiiHoro pacnpeflCJieHHii 6yj\eT npoHCxoflHTb b6jihsh ctchkh 
B cjioe, HacTO nasbmaeMOM cjiocm KHy/],ceHa, T0Jini,HHa KOToporo hmcct ho- 
piiflOK fljiHHbi CBo6oflHoro Hpo6era /. Bne cjioh Knyflcena TCHCHHe rasa ohh- 
cbiBacTCii ypaBHCHHiiMH HaBbe — CTOKca. 5lBjieHHe flBHJKeHHH rasa b^ojib 

HOBCpXHOCTH, BblSblBaCMOe rpaflHCHTOM MaCCOBOH CKOpOCTH, SaflaHHbIM Bfla- 
JIH OT CTCHKH, HaSblBaCTCfl HSOTCpMHHCCKHM CKOJIbJKCHHCM raSa. 

fljiH peniGHHa ypaBHCHHii HaBbe-CTOKca Tpe6yeTCH nocTaBHTb rpaHHH- 
Hbie ycjiOBHH Ha ctchkc. B KanecTBC TaKoro rpannnnoro ycjiOBHH HpHHHMa- 
CTCii BKCTpanojinpoBaHHoe SHancHHe rHflpoflHHaMHHCCKoii CKopocTH na ho- 

BCpXHOCTH - BCJIHHHHa Ugl- 
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OxMeTHM, HTO peajibHbiH npo4)Hjib CKopocTH B cjioe KnyflceHa OTjimeH 
OT rHflpo/];HHaMHHecKoro. fl,Ji5i nojiyHeHH^^ BejiHHHHbi Ugi Tpe6yeTCJ5 peniHTb 
ypaBHeHHG Bojibii,MaHa b cjioe Knypfiena. Hpn Majibix rpa^HeHTax CKopocTH 
HMeeM: 



3a/], ana Haxo>K/],eHH5] CKopocTH HSOTepMH^ecKoro CKOJib>KeHiM Usi nasbi- 
BaeTCH saflaHGH Kpaiviepca (cm., nanpHMep, [Ij. Onpe^ejieHHe BejiHHHHbi Ugi 
no3BOJiJ5eT, KaK yBH^HM HH>Ke, nojiHOCTbK) nocTpoHTb 4)yHKLi,HK) pacupejie- 
jieHHH rasoBbix MOJieKyji b flaHHOii safla^e, naiiTH npo4)Hjib pacnpe/],ejieHHJ5 b 
nojiynpocTpancTBe iviaccoBOH CKopocTH rasa, a TaK>Ke HafiTH SHaneHHe Mac- 
COBOH CKopocTH rasa na rpaHHij,e nojiynpocTpancTBa. 

HacT05iina5i pa6oTa nocBHinena HsyneHHio bjihhhhh KBaHTOBbix 34)4)eKTOB 
Ha KHHGTHHecKHe 5iBjieHHH B pa3pe>KeHHbix 4)epMH-ra3ax. PaccMOTpeHHe Be- 
fleTC5i Ha HpHMepe KjiaccHnecKOH sa^anH 06 HSOTepMHHecKOM CKOJib>KeHHH 
rasa (sa^ana Kpaiviepca) B^ojib hjiockoh hobcpxhocth [1]-[3]. PaccMaTpHBa- 
IOTC5I KaK flH4)4)y3Hbie rpaHHHHbie ycjiOBH5i, TaK h sepKajibHO - /],H4)4)y3Hbie 
rpaHHHHbie ycjiOBH5i MaKCBCJiJia. 

FpaHHHHbie ycjiOBHH, OHHCbiBaK)m,He BsaHMOfleftcTBHe MOJiCKyji rasa c ho- 

BepXHOCTbK) KOH;],eHCHpOBaHHOH (|)a3bl, HpnGjICKaiOT BHHMaHHG HCCJieflOBaTC- 

jieft B TeHCHHe fljiHTCJibHoro BpeMCHH. 3Ta Hpo6jieMa HO-Hpe>KHeMy ocTacTcsi 

OTKpblTOii, B HaCTHOCTH, flJI5I pCajIbHblX HOBepXHOCTCH. B KOHKpeTHblX 3a/],a- 

Hax HCHOJib3yiOTC5i rjiaBHbiM o6pa30M MOflCJibHbie rpaHHHHbie ycjiOBH5i. Ofl- 

HO H3 TaKHX yCJIOBHH — 3T0 3epKajIbH0 - /],H4)4)y3Hbie rpaHHHHbie yCJIOBHH 

MaKCBCJiJia. Bee HapaMeTpbi OTpa>KeHHbix MOJieKyji b 3aflaHax eK0Jib>KeHH5i 

OnpeflejI5HOTe5I npn STOM 0/],H0H BejIHHHHOft — K034)4)HH,HeHTOM 3epKajibH0- 
CTH, KOTOpblH HaeTO 0T0>K/],eeTBJI5IK)T C KOScJicJiHH^HeHTOM aKKOMOflaH,HH TaH- 

reHn,HajibHoro HMHyjibea MOJieKyji. 

yejiOBHH MaKCBejiJia Henjioxo 3apeKOMeHflOBajiH ee65i npn pemenHH koh- 
KpeTHbix rpaHHHHbix 3a/],aH. 

ripH HajiHHHH BflajiH OT noBepxHOCTH rpaflHeHTa TaHreHri,HajibHOH k no- 
BepxHoeTH KOMnoHeHTbi CKopocTH ra3a B03HHKaeT eKOJib>KeHHe ra3a B^ojib 
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noBepxHOCTH. TaKoe CKOJibJKeHne HasbmaeTCH HSOTepMH^ecKUM [l]-[3]. Sa^a- 
na Kpaiviepca (cm. [1]-[8]) coctoht b Haxo>K/];eHHH CKopocTH HSOTepMH^ecKoro 

CK0Jib>KeHHi5 rasa. 

HycTb ras saHHMaeT nojiynpocTpaHCTBO x > na^ njiocKoi! TBepfloii ctgh- 

KOil H flBH5KeTC5I BflOJIb OCH y CO CpeflHCH (MaCCOBOft) CKOpOCTbK) Uy{x) . Bfla- 
JIH OT nOBCpXHOCTH Ha paCCTOHHHH MHOrO 60JIbmeM CpeflHCil flJIHHbl CB060fl- 

Horo npo6era nacTHii; rasa HMCCTCii rpaflHCHT MaccoBoft (cpeflneii) CKopocTH 
rasa 



T.e. npo4)HJIb MaCCOBOH CKOpOCTH BflajIH OT CTCHKH M05KH0 npCflCTaBHTb B 

BHfle 



HajiHHHe rpaflHCHTa MaccoBoii CKopocTH BbisbiBacT CKOJib:>KeHHe rasa b^ojib 
noBcpxHOCTH, HasbiBacMoe nsoTepMnnecKHM. BejiH^nna Ugi HasbmaeTCii cko- 

pOCTbK) HSOTepMHHCCKOrO CKOJIb5KeHH5I [sl = sHdiug = CKOJIbJKeHHc) . 

ripH Majibix rpa/],HeHTax CKopocTb HSOTepMHHecKoro cKOJib>KeHHH npo- 
nopD,HOHajibHa BCJiHHHHe rpaflHCHTa: 



SflCCb Cm ~ K094)4)HLl,HeHT HSOTCpMHHeCKOrO CKOJIbJKCHHH, / - CpCflHHH flJIHHa 

CBo6oflHoro npo6era ^acTHn;. 

BejiHMHHa Cm onpeflejiHCTCii KHHCTH^ecKHMH npoLi;eccaMH b6jihsh noBcpx- 
HOCTH. JJ^jisi ee onpe;];ejieHH5i HeoGxop^nuo peniHTb KHHCTH^ecKoe ypaBHCHHC 
B TaK HasbiBaeMOM cjioe Knypfiewd^ T.e. b cjioe rasa, npHMbiKaiomero k no- 
BcpxHOCTH, TOJin],HHOH HopHflKa fljiHHbi CBo6oflHoro npo6era /. 

B Ka^ecTBC KHHCTHHecKoro ypaBHCHHii paccMOTpuM o6o6LLi;eHHe na KBan- 
TOBbiii cjiy^aft BKB-ypaBHCHHii (BojibLi;MaH, KpyK, BejiaH^ep). Otmcthm, 
HTO B OTe^ecTBeHHOH jiHTcpaType sto ypaBHCHHC nasbiBaiOT TaKJKC BFK- 
ypaBHCHHeM (BxaTHarap, Fpocc, Kpyx). 3to ypaBHCHHC hmcct cjiepjK)uxw 
BHfl [1-3] 





Usl — ^m''9v 



(1.1) 




(1.2) 
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Spjech f - 4)yHKLi;n5i pacnpeflejieHHH MOJieKyji no CKopocTHM, v - CKopocTb 
MOJieKyji, u - 34)(|)eKTHBHa5i ^acTOTa CTOJiKHOBennH MOJiexyji, /eg - jiOKajibHO 
paBHOBecHaa 4)yHKi],H5i pacnpe;],ejieHH5i, 



/ m \3/2 



~ \27rkT) 



exp 



m(v — u)^ 
2kT 



-27rkT. 

BejiHHHHbi n, r, u saBHCHT, BooGme roBopa, ot Koop^HHaTbi r h onpe^e- 

JI5IIOTC5I KaK 

n = j fd'v, (1.3) 
1 



u = 



n. 



eq 



T = 



Skn 



I ^(v - nffd'v 



(1.4) 



(1.5) 



HncjiOBaii njiOTHOCTb (K0HD;eHTpaLi;H5i) n KBanTOBoro rasa h ero TeMnepa- 
Typa T B 3a.j\aHe KpaMepca c^HTaiOTCii nocTOiiHHbiMH. 



2 KHHeTHHecKoe ypaBHeHHe ^jia KBaHTOBbix 
cJ)epMH— ra30B c nocToaHHoii HacTOToii cTOJiKHOBeHHH 



2.1 BfciBo;], ypaBHeHHH 

PaccMOTpHM o6o6iii;eHHe KHneTH^ecKoro ypaBHenHH (1.2) na cjiynaH KBan- 
TOBoro 4)epMH-ra3a. OyHKD;HK) feq B (1.2) Tenepb 6yj\eM noHHMaTb KaK jio- 
KajibHO - paBHOBecnyio 4)yHKD;Hio OepMH 

S^ecb yLi - xHMH^ecKHH noTeHD;Haji MOJieKyji [8] . 
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BMecTO cooTHomeHHH (1.3)-(1.5) xenepb HMeeM cjie^yioiuHe cooTHome- 
HH5I, BbiTeKaioiuHe H3 saKOHOB coxpaneHHii ^HCJia ^acTHii;, HMnyjibca h snep- 
thh: 

J fegRrdn = J SR^d^. (2.1) 

Sflecb 

,^ (2s + l)m^ ,3 

S - CnHH 4)epMH-HaCTHI],bI, Ri = 1, i?2 = R-i = -R4 = Vz., Rh = £*• 

PaccMOTpHM Tenepb npHMeneHHe KHHeTHnecKoro ypaBHeHHH (1.2) k sa- 

fla^e O BbmHCJieHHH CKOpOCTH HSOTepMH^eCKOrO CKOJIbJKeHHil KBaHTOBOrO 

4)epMH-ra3a. IIpH 9tom orpaHHHHMCii paccMOTpeHneM Majibix rpaflnenTOB 
Qv^ HTO no3BOJi5ieT jiHHeapHSOBaTb safla^y. B btom cjiy^ae TeMnepaTypa h 
K0HD;eHTpaii,H5i rasa nocTOHHHbi. Hs cooTHomeHHH (2.1) cjie^yeT, hto Bejin- 
HHHa u coBnaflaeT c MaccoBoii CKopocTbio rasa (1.4). KpoMe Toro, Te^eHHe 
rasa npeflnojio^KHM CTaLi;noHapHbiM. 

JlHHeapusyeM sa^a^y OTHOCHTejibHO paBHOBecHoft 4)yHKD;HH pacnpe^ejie- 
HH5I OepMH — ^HpaKa (4)epMHaHa) fp 

_ 1 mv'^ 

HanneM c jinneapHsai^HH jioKajibHO paBHOBecHoft (^yhku^rr pacnpeflejie- 
HH5I /eg. Ee jiHHeapHsyeM OTHOCHTejibHO 4)epMHaHa fp no MaccoBoi! CKopocTH 
u: 



feq feq 
HTO npHBO^HT K Bbipa>KeHHIO 



u=o du 



■ u, 

u=0 



feq = fF[v)+9F[v)'^Uy, (2.2) 



B KOTopoM fpiv) - a6ciojiiOTHbm 4)epMHaH (cm. pHC. 1), 
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H 



fmv 
exp ( 



2kT kT 



1 + exp 



mv 



-2kT kT. 

OyHKi];H5i griv) nasbiBaeTCH 4)yHKi],HeH 3HHmTeHHa (cm. pnc. 2). 




Phc. 1: rioBefleHHe a6cojiioTHoro cJaepMHana (npn SHaneHHax GespasMepnoro XHMnoTeni^Hajia 
a = 0,l,— 1)h aScojiioTHoro MaKCBejijiHana /m(c) = exp{—c^)/^/^^ (KpHBaa 1) 



TTl 

BBe/],eM 6e3pa3MepHyK) CKopocTb C = y/^v, {3 = -rrp^, h SespasMepHbifi 

2kT 

(npHBefleHHbiii) xHMHHecKHii noTeHi];Haji a = -— . B sthx nepeMennbix Bbi- 

KJ. 

pa>KeHHe (2.2) sanncbiBaeTCsi KaK 

feq = fF{C) + 2gp{C)CyUy{x), (2.3) 

npH 3T0M B (2.3) Uy{x) = y/^Uy{x) - 6e3pa3MepHa5I MaCCOBaSI CKOpOCTb, 

exp(C^ — a) 



- l + exp(C^-a)' ^^C^) - [1 + exp(C^ - «)] 

(rpa4)HKH 3THX 4)yHKI],HH CM. Ha pHC. 1 H 2). 



2' 
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g(c,a) 



a=l 



0,2 - 



0,1 - 



a=0 



a=l 




Phc. 2: rioBe/ieHHe 4)yHKLi;HH gF{c,a) = ^^^q^°'^ (npn SHaneHHax GespasMepnoro 
XHMnoTeHii;Hajia a = 0, 1, —1, 2) 



CorjiacHO (2.3) d^ywjxym pacnpe/],ejieHHH 6yj\eM HCKaTb b 

f = fix, C) = fpiC) + gF{C)Cyh{x, C). (2.4) 

noflCTaBji5i5i (2.3) H (2.4) b ypaBHGHHe (1.2), npnxoflHM k ypaBHeHHio 

dh 

C,— = v^{2Uy{x)-h{x,C,)). 

flajiee y/],o6HO bbgcth GespasMepnyio KOop^HHaTy xi = xv^/^. riojiyHHM 
cjie^yiomee ypaBHeHHe 

dh 



= 2Uy{xi) - hi{xi, a,). (2.5) 

npn nepexofle k SespasMep- 
o6pa30M: 

dUy{xi)\ r3fduy\ dx 



dxi ^ 

fduyix] 

PasMepHbiH v^idujxviewi = I — - — 

\ dx y a;^+oo 

HOH KoopflHHaTe xi npeo6pa3yeTC5i cjieflyioinHM o6pa30M: 



V dxi / xi^+oo \ dx J 



a;— T^+oo dx\ 
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OTKyfla 

Lxy — . 

MaccoBaa CKopocTb rasa MO>KeT 6biTb naiifleHa hs saKona coxpaHenHH 
HMnyjibca (2.1), KOTopbiii b 6e3pa3MepHbix napaivieTpax HMeeT bh^ 



/ CyUe, - f)dn = 0, 



HJIH, 



J C^gFiC)^2Uyixi)-hixi,C,) 
OTKyfla nojiynaeM 

/ C'ygpiCMxuOd'C 

Uy{xi) = ^ . (2.6) 

2 / C'ygFiC)d'C 

SaMGTHM, WTO nocjie jiHHeapH3aD;HH MaccoBoft CKopocTH (1.4), T.e. nocjie 
noflCTanoBKH b (1.4) Bbipa>KeHH5i (2.4), npuxop^uM k cjie/],yK)iii,eMy Bbipa>Ke- 

HHK) 

[ ClgF[C)h{xi,C,)d^C 

Uyixi) = ^ . (2.7) 

J fFiC)d'C 

SnaMenaTejiH b (2.6) h (2.7) HMeiOT pasjiHHHbie Bbipa:>KeHH5i. noKa»:eM, 

HTO 3TH Bbipa>KeHHH coBna^aiOT. 

IlepeHfleM k c4)epHHecKHM KoopflnnaTaM 

Cx = C cos 6, Cy = C sinO siiKf, Cz = C sinO simp, 

d^C = C^smOd(pdC. 
Tenepb nojiynaeM, ^to snaMenaTejib hs (2.7) paBen 

rj\e f2 (ck;) - BTopoii (BToporo nopaflKa) nojiynpocTpaHCTBeHHbiii MOMeHT a6- 
cojiiOTHoro 4)epMHaHa 



oo 

fiia) = J fF{C)C'dC. 
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Hocjie HHTerpHpoBaHHH no nacTHM nojiynaeM (a) = -/^(a), rp^e 



oo 



-00 

SnaMenaTejib us (2.6) pasen 

2 J C'ygFiC)d'C=^g!ia), 
rfle ^ 

Cjie^OBaTejibHO, SHaMenaTejib h3 (2.6) paBen: 

2 jclgr(C)SC = ^-^-lfi(a), 

HTO H osHanaeT coBna^eHHe 4)opMyji (2.6) h (2.7). 

B HHCjiHTGjie (2.6) yfloGnee nepeiiTH k i],HjiHH/],pHHecKHM KOopflnnaTaM, 
nojiaraa = + C^, Cy = C_l siiK^, d^C = C±dC±dCxd(p. ^ajiee nojiy- 
HaeM: 

oo oo 27r 

J ClgF{C)h{xi,C,)d^C = J hixi,C,)dC,J ClgF{C)dCi_ J cos\d^ = 

-oo 

00 



TT j h{xi,Cx)dCx 



exp(C2 + Ci - a)CidC^ 



[1 + exp(C| + Ci - a)]2 • 

-oo 

BbiHHCJiHfl BHyTpeHHHH HHTcrpaji no ^acTHM, HMeeM: 

oo 

j ClgF{C)h{xi,Cx)d'C j \n{l + eMa-Cl))h{xi,Cx)dCx. 

—oo 

Cjie^OBaTejibHO, MaccoBaa CKopocTb Bbi^ncjiiieTCfl no 4)opMyjie 

oo 

^^(^i) = JWr^ / Ml + exp(a - Cj))/i(xi, Cx)dCx. (2.8) 



■-0 

— oo 
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BBe^eM 4)yHKi],HK) 

ln(l + exp(a — ln(l + exp(a — /i^)) 



Kf{ii, a) = 



oo 



J ln(l + exp(a — T'^))dT 



— oo 



3Ta 4)yHKLi,H5i o6jiaflaeT cbohctbom 



oo 



-oo 



2.9) 



ln(l + e""^' 

CeMeftcTBO 4)yHKii,HH Kp{ii^a) = -^^-y- — ^ — '- nasbmaeTCsi 5i/],poM kh- 



HeTHHecKoro ypaBHeHH5i (cm. pnc. 3.3). 



{a) 



K(H,a) 



3 4 




Phc. 3: HoBe/ieHHe H^ep KHHCTHHecKoro ypaBHeHHH Kp(fj,,a) flJiH (JjepMH-rasa npn pasjiHHHbix 
SHaHeHHHX 6e3pa3MepHoro XHMnoTeHii;Hajia. KpHsaa 1 OTBenaeT aHaneHHio a = 0, KpHBaa 2 - 
SHaHeHHio a = —1, KpHBaa 3, OTBenaromaa SHaneHHio a = — 4 4)aKTHHecKH coBna^aeT c 
a6cojiioTHbiM MaKCBejijiHaHOM fuilj) = exp(— /i^)/-y/7r (KpHBaa 4). 
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MaccoBaH CKopocTb corjiacHO (2.8) h (2.9) pasna 

00 

Uyixi) = - J Kp[ii\a)h{xi^ ii)dii . (2.10) 



-00 



TaKHM o6pa30M, corjiacHO (2.10) ypaBHeniie (2.5) npeflCTaBHM b CTaH^apT- 
HOM fljiH TeopnH nepenoca BH^e: 

CO 

IJLt, lhixi,ii)= I Kpiii]a)hixi,ii)dii , (2-11) 

dxi J 



-00 



HJIH, B HBHOM BHfle 



00 



dh 1 f 

1^^ h h{xi,ii) = „ / ^ ex.Y){a - ii'^))h{xi, ii) dii . (2.12) 

oxi 2/^(ck) J 



— CO 



2.2 IIpeflejibHfcie cjiynan ypasHeHHa 

PaccMOTpHM flBa npeflejibHbix cjiynaii ypaBHenHH (2.12): npn a — )■ — oo h 
npn q; — )• +oo. B nepBOM cjiy^ae 

. . ln(l + exp(a - yLi^)) 
lim Air(//, a) = lim — = 

a— 00 a— 00 



J ln(l + exp(Q! — V?)) du 

— 00 

exp(— yU^) exp(— /ti^) 



oo ,^ 

J exp(— u^) c/w ^ 

-00 



H Mbi nojiynaeM ypaBHeHne 

00 



dh 1 /" 

'^dx ^ ^ 7 exp(-//'^)/i(a;i, //') (i//', 



-00 



KOTopoe 5iBji5ieTC5i BKB-ypaBHeHHeM p^jisi oflHoaTOMHbix rasoB [1-3] c nocTO- 

ilHHOil ^aCTOTOH CTOJIKHOBeHHH MOJieKyjI. 
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PaccMOTpHM BTopoH cjiy^aft. IlpH 6ojibmHx a {a ^ 1) HMeeivi: 

ln(l + (a - u^)) = 
Cjie^OBaTejibHO, ypaBHeHne (2.12) npn a ^ 1 HMeeT bh^: 



a — u^, \u\ < y/a, 
0, \u\ > y/a, 



dh f {a - iJ,''^)h{xi, iJ,'"^) , 

-V^ J {a-y^)dy 

Hocjie saMGHbi nepeMennbix 

/i y/afi, ji' y/aii\ u \fau^ u \foLU 
nojiy^aeM ypaBHenne 

1 

-1 

HsMeHHB MacmTa6 x' = ^Jaxi h oGosna^HB h\[x\\i) = h{^fa.x\^^fci\i)^ 
npHXOflHM K ypaBHeHHK) 

1 

dh 3 t 

-1 

9to ypaBHeHHe 5iBji5ieTC5i (cm. [8]) BKB-ypaBHGHHeM ^jih oflHoaTOMHbix ra- 

30B C ^aCTOTOH CTOJIKHOBeHHH, npOnOpD;HOHajIbHOH MOJieKyjIiipHOH CKOpOCTH. 



2.3 IIocTaHOBKa 3a;i,aHH KpaMepca 

Saflanne rpa;];HeHTa MaccoBoft CKopocTH (2.2) osHanaeT, hto B^ajin ot 
CTeHKH pacnpeflejieHHe MaccoBoii CKopocTH b nojiynpocTpancTBe HMeeT jih- 

HeilHblH pocT 

Uy{x) = Usi{a) + g^x, x +oo, 

VJ\Q Usliot) - HeH3BeCTHa5I CKOpOCTb CK0JIb:>KeHH5I. 
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yMHOJKaH 9T0 paBencTBO Ha h y^HTbiBaii cbhsb pasMepnoro h 6e3- 
pasMepHoro rpa^neHTOB g^^, = vGy^ ^jih SespasMepnoii MaccoBoii CKopocTH 
nojiynaeM 

Uy{xi) = Usi{a) + GyXi, xi +00. (2.13) 

SepKajibHO - /];H4)4)y3Hoe OTpajKenne 4)epMH-MacTHLi; ot noBepxHOCTH osna- 
HaeT, HTO nocjie^HHe OTpa>KaiOTC5i ot CTenKH, HMea cJ^epMneBCKoe pacnpe^e- 
jienne, T.e. 

f(x = 0, v) = qfpiv) + (1 - q)f{x = 0, -v^, Vy, v,), > 0, (2.14) 

rp^e ^ g ^ 1, g - K094)45HLi;HeHT flH4)4)y3HOCTH, friv) - a6cojiiOTHbm 
4)epMHaH. 

B ypaBHeHHH (2.14) napaMeTp q (K034)4)Hi],HeHT flH4)4)y3HOCTH) - nacTb 
MOJieKyji, pacceHBaioinHxcH rpanimeii flHcJ^cJ^ysHO, 1 — q - nacTb MOJieKyji, 
pacceHBaioinHxcii sepKajibHO. 

yHHTbiBaa, HTO 4)yHKi];Hio pacnpe;];ejieHH5i mm HineM b Bnp^e (2.4), h3 ycjio- 
BHH (2.14) nojiynaeM rpaHHHHoe ycjiOBHe na cTeHKe na 4)yHKLi,HK) /i(xi,/i): 

/i(0,/i) = (l-g)/i(0,-/i), /i>0. (2.15) 

BTopbiM rpaHHHHbiM ycjiOBHeM 5iBji5ieTC5i rpaHHHHoe ycjiOBne ^^bjiojih ot 
CTeHKH" . 9thm ycjiOBHeM 5iBji5ieTC5i cooTHomeHHe (2.13). IlpeoSpasyeM sto 
ycjiOBHG Ha 4)yHKii,Hio h{xi, fi). YcjiOBHe (2.13) oanaHaeT, hto B^ajiH ot CTen- 
KH MaccoBaa CKopocTb nepexoflHT b CBoe acHMnTOTHnecKoe pacnpe/],ejieHHe 

U^'{xi) = Usiia) + GyXi. 

BbipajKeHHe fljia MaccoBoii CKopocTH (2.8) osna^aeT, hto Bp^ajiii ot CTenKH 
4)yHKi],H5i h{xi^ii) nepexo^HT b CBoe acHMHTOTHHecKoe pacnpe^ejieHne 

has{xi, /i) = 2Usi{a) + 2Gy{xi - /i), 

HasbiBaeMoe pacnpeflejienneM HenMena — 9HCKora (cm., nanpHMep, [?]-[?])• 
TaKHM o6pa30M, btopbim rpanH^HbiM ycjiOBHeM 5iBji5ieTC5i ycjiOBHe: 

h{xi,ii) = 2Usi{a) + 2Gy{xi - fi), x^ +00. (2.16) 
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Tenepb sa^a^a KpaMepca npn ycjiOBHH nojiHoro flH4)(^y3Horo OTpajKennii 
4)epMH-HacTHD; ot CTeHKH c4)opMyjiHpoBaHa nojiHOCTbio h coctoht b peme- 

HHH ypaBHeHH5I (2.12) C rpaHHHHblMH yCJI0BH5IMH (2.15) H (2.16). IIpH 3T0M 

Tpe6yeTC5i onpe^ejiHTb 6e3pa3MepHyK) CKopocTb CKOJib^KennH t/s/(a), Bejin- 
HHHa rpaflneHTa Gy cnnTaeTCii saflaHHoft. 

3 BKjiiOHeHHe rpaHHHHbix ycjiOBHH b KHHeTHHecKoe 

ypaBHeHHe 

IIpoflOJiJKHM (J)yHKD;Hio pacnpeflejieHHH na conpajKenHoe nojiynpocTpan- 

CTBO CHMMeTpHHHbIM o6pa30M: 

f{t, X, v) = fit, -X, -Vx, Vy, Vz). (3.1) 

HpoflOJiJKeHHe corjiacHO (3.1) na nojiynpocTpancTBO x < nosBOJiiieT 
BKjiiOHHTb rpaHHHHbie ycjiOBHH B ypaBHeHHH sap^a^n. 

TaKoe npoflOjiJKGHHe 4)yHKii,HH pacnpe^ejieHHii Ha nojiynpocTpancTBO x < 
no3BOJi5ieT 4)aKTHHecKH paccMaTpHBaTb flBe sa^aHH, o^na h3 KOTopbix 
onpeflejiena b "nojiojKHTejibHOM" nojiynpocTpancTBe x > 0, BTopaa - b ot- 
pimaTejibHOM "nojiynpocTpancTBe" x < 0. 

C4)opMyjiHpyeM sepKajibHO - ;];H4)(|)y3Hbie rpaHHHHbie ycjiOBHs p^ji^i 4)yHK- 
ii,HH pacnpe^ejieHHa cooTBeTCTBeHHO p^jin "nojio>KHTejibHoro" h p^jin "oTpn- 
i],aTejibHoro" nojiynpocTpancTB: 

fit, +0, v) = qfoiv) + (1 - q)fit, +0, -v^, Vy, v,), > 0, (3.2) 

fit,-0,v) = qfoiv) + il- q)fit,-0,-V:„Vy,v,), v^, < 0. (3.3) 

rfle q - K094)(^HD;HeHT flH(|)(|)y3H0CTH, ^ g ^ 1. 

B ypaBHeHHHx (3.2) h (3.3) napaMexp q (K094)(^HD;HeHT flH4)(^y3HOCTH) 
- nacTb MOJieKyji, pacceHBaioiri;Hxc5i rpaHHi],efi flH(|)(|)y3H0, 1 — q - nacTb 
MOJieKyji, pacceHBaK)mHxc5i sepKajibHO, T.e. yxoflsimne ot CTeHKH MOJieKyjibi 
HMeiOT MaKCBejiJiOBCKoe pacnpe/],ejieHHe no ckopocthm. 
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^ajiee 6e3pa3MepHyio KoopflnnaTy xi CHOBa 6yfleM o6o3HaMaTb ^epes x. 
CorjiacHO (2.4) h (3.1) mm HMeeM: 

h{x, /i) = h{—x, —/i), // > 0. 

Ha4)yHKD;Hio h{x^ii) b "nojiojKHTejibHOM" h "oTpnD;aTejibHOM" nojiynpo- 
CTpancTBax nojiy^aeM oflHO h to jkg ypaBHenne ypaBHeHne: 

00 

ji- — \-hix^ii)= I K(t,a)h(x,t) dt, (3.4) 
ox J 

— oo 

H cooTBeTCTBeHHO cjieflyioiuHe rpanH^Hbie ycjiOBHii: 

/i(+0, //) = (!- g)/i(+0, -//) = (1 - q)hi-0, //), // > 0, 

/i(-0, )^) = (1 - g)/i(-0, -Ai) = (1 - g)/i(+0, ax), f^<0. 
IIpaBaii nacTb ypaBHenHii (3.4) ecTb yflBoeHnaii MaccoBaii CKopocTb rasa: 

oo 



— OO 



IlpeflCTaBHM 4)yHKi],HK) h{x,fi) B BH^e: 

h{x ^ li) = h^g{x ^ ji) -\- hc{x ^ fi) ^ ecjiH ±a:>0, 

rfle acHMnTOTH^ecKafl nacTb 4)yHKLi;HH pacnpeflejieHHH (Tax HasbiBaeMaa ne- 
nMen — BHCKoroBCKaa (|)yHKi];H5i pacnpeflejieHH5i) 

h^si.^') — '^Usi{qt ol) ± 2Gv{x — //), ecjin ± > 0, (3.5) 

TaKJKe 5iBji5ieTC5i pemeHHeM KHHeTH^ecKoro ypaBHenHii (3.4). 

'3>j\ech Usiisii ck) ~ ecTb HCKOMaa CKopocTb HSOTepMnnecKoro CKOJibJKeHHii 
(6e3pa3MepHa5i) . 

Cjie;],OBaTejibHO, 4)yHKi],H5i hc{x^ fi) TaK>Ke y^OBjieTBopaeT ypaBHenHio (3.4): 

oo 

dhc f 
/i-^ + hc{x , fi) = / K{t,a)hc{x,t)dt. 



-00 



23 



TaK KaK BflajiH ot CTenKH {x — )■ ±00) 4)yHKD;H5i pacnpe;];ejieHH5i h{x^ii) 
nepexoflHT b nenMen — SHCKoroBCKyio h^g{x,ii), to p^jisi 4)yHKLi,HH hc{x,ii), 
OTBeHaiomeH nenpepbiBHOMy cneKTpy, nojiynaeM cjie^yiomee rpaHHHHoe ycjio- 
BHe: hc{^oo,fi) = 0. 

Oxciofla fljiH MaccoBOH CKopocTn rasa nojiy^aeM: 

t/c(±oo) = 0. (3.6) 

OxMeTHM, HTO B paBeHCTBe (3.5) 3HaK rpaflHeHTa b "oTpHLi,aTejibHOM" 
nojiynpocTpancTBe MeH5ieTC5i na npoTHBonojiojKHbift. IIoBTOMy ycjiOBne (3.6) 
BbinojiHiieTCii aBTOMaTH^ecKH ^jih 4)yHKD;Hii h^g{x,fi). 

Tor^a rpaHHHHbie ycjiOBHH nepexofliiT b cjieflyioiii;ne: 

= -hti+0,11) + (1 - g)/i+ (+0, -11) + (1 - q)hci+0, -11), // > 0, 

/ic(-0,/i) = 

= -/i- (-0, //) + (!- q)h-,{-0, -//)(1 - q)hc{-0, -//), // < 0. 

0603HaHHM 

h^ili) = -2qUsi{q, a) + (2 - q)2GM- 
H nepennmeM npeflbiflymne rpaHH^Hbie ycjiOBHH b BH^e: 

hci+0, 11) = h+i/i) + (1 - g)/ic(+0, -11), II > 0, 
/ic(-0, n) = hQifi) + (1 - q)hc{-0, -//), // < 0, 

rfle 

()^) = -^i(0, A^) + (1 - g)/ii(0, -Az) = 

= -2qU,i{q,a) + {2-q)2GM- 
y^HTbiBaii CHMMeTpuMHoe npoflOJi^KeHHe ^yHKu^wi pacnpeflejienHii, HMe- 

eM 

/ic(-0, -//) = /ic(+0, +yu), /ic(+0, -//) = /ic(-0, +Ai). 
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CjieflOBaTejibHO, rpanH^Hbie ycjiOBHii nepennmyTCii b Bmp^e: 

/ie(+0, ii) = h+iii) + (1 - q)hc{-0, ii), II >0, (3.7) 

/ie(-0, ii) = ho ill) + (1 - g)/ic(+0, /i), AX < 0. (3.8) 

Bkjiio^hm rpaHHMHbie ycjiOBHii (3.7) h (3.8) b KHHeTH^ecKoe ypaBHeHHe 
cjieflyiomHM o6pa30M: 

dh r 1 

11-^ + hcix,ii) = 2Uc{x) + |//| [/i±(//) - g/ie(±0,//)J(5(:z:), (3.9) 

r/],e Uc{x) - nacTb MaccoBoii CKopocTH, OTBenaiomafl nenpepbiBHOMy cneKTpy, 

oo 

2Uc{x)= J K{t,a)hc{x,t)dt. (3.10) 



— oo 



YpaBHeHHe (3.9) co^epjKHT j\Ba. ypaBHeHH5i. B "HOjio>KHTejibHOM" HOjiy- 
npocTpaHCTBe, T.e. npn a; > b npaBoii nacTH ypaBHeHHH (3.9) cjie/],yeT bshtb 
BepxHHH 3HaK "hjiioc" , a B "HHJKHeM" nojiynpocTpaHCTBC, T.e. npn x < b 
npaBoii ^acTH Toro 5Ke ypaBHenHii cjiepyeT bshtb snaK "MHHyc" . 

B caMOM flejie, nycTb, nanpniviep, fi > 0. HpoHHTerpHpyeM o6e ^acTH 
ypaBHeHHH (3.9) no x ot —e pp +£. B pesyjibTaxe nojiynaeM paBeHCTBo: 

OTKyfla nepexoflii k npe^ejiy npn e: — )• b tohhocth nojiy^aeM rpanH^Hoe 
ycjiOBHe (3.7). 

Ha ocHOBaHHH onpeflejieHHH MaccoBoii CKopocTH (3.10) saKjnonaeM, hto 
nee BbinojiH5ieTC5i ycjiOBHe (3.6): [/c(+c«) = 0. Cjie^OBaTejibHO, b no- 
jiynpocTpancTBe x > npo4)Hjib MaccoBoii CKopocTH rasa BbiHHCJiHeTCH no 
4)opMyjie: 



00 



Uix) = Uasix) + ^ J K{t,a)hcix,t)dt, (3.11) 



— oo 

a BflajiH OT CTeHKH HMeeT cjieflyionj;ee jinneiiHoe pacnpeflejienne: 



Uasix) = Usiiq, a) + GyX, X +00. (3-12) 
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4 KHHeTHHecKoe ypaBHeHHe bo BTopoM h nexBepTOM 
KBa^paHxax (J)a30Boro npocTpancTBa 

Pema.51 ypasHeHHe (3.9) npn x > 0, < 0, CHHTa5i saflaHHbiM Macco- 
ByK) CKopocTb U{x), nojiynaeM, yflOBjieTBop5i5i rpaHHHHbiM ycjiOBHHM (3.8), 
cjieflyiomee pemeHne: 

+0O 

1 X f t 

h^{x,ii) = — exp( — ) exp{+-)2Ucit)dt. (4.1) 

X 

AnajiornHHO npH x < 0, // > HaxoflHM: 



-oo 



1 X r t 

h~{x,ii) = — exp( — ) exp{+-)2Uc{t) dt. (4.2) 
fi J 

X 

Tenepb ypaBnenHii (3.9) h (3.10) mojkho nepenHcaTb, saMeHHB BTopoii 
Mjien B KBa;];paTHoii CKo6Ke h3 (3.9) corjiacHO (4.1) h (4.2), b BH^e: 

dh r 1 

/i-^ + hcix,ii) = 2Uc{x) + |//| [/i±(//) - qh^{S),^i)\5{x), (4.3) 

00 

2t/c(a;) = j K{t,a)hcix,t)dt. (4.4) 



— oo 



B paBencTBax (4.3) rpanH^Hbie SHaneHHii /i^(0,//) BbipajKaiOTCii nepes 
cocTaBjiHiomyio MaccoBoii CKopocTH, OTBenaiomeH nenpepbiBHOMy cneKxpy: 

±oo 

M J 



PemeHHe ypaBHennii (4.4) h (4.3) nmeivi b BH^e HHTerpajiOB Oypbe: 



00 00 



2Ucix) = ^ f e'^''E{k)dk, 5{x) = ^ f e'^'' dk, (4.5) 
27r J 27r 7 



— oo — oo 

oo 



/i^(x,^) = ^ / e'^''^{k,ii)dk. (4.6) 
27r ./ 



— oo 
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Hpn 9T0M (J)yHKLi;H5i pacnpeflejieHHii h^^x^ji) Bbipa^KaeTCii ^epes cneK- 
TpajibHyio njiOTHOCTb E{k) MaccoBoft CKopocTH cjie/],yK)ii],HM o6pa30M: 

+00 +00 
h'l[x,ii) = — exp(--) exp{-\--)dt— e'^^E{k, /j,) dk = 

jl jl J fi ZTT J 



AnajiornHHO, 



-00 



00 



1 r e"'''E{k, 11) 

J 1 + ikji 
—00 



dk. 



TaKHM o6pa30M, 



1 [ e'^'''E{k,ii) 



27r 7 1 + ikfi 



dk. 



-00 



00 



- 



1 /* e*^^E(A;,/i) 



+ ik/j. 



dk. 



—00 



Hcnojibsya neTHOCTb 4)yHKLi;HH E{k) flajiee nojiy^aeM 

00 



E(k,LL) „ 1 f E(k)dk 1 f E(k)dk 
dk = — ' — ' 



+ ikfi 



-00 



27r J l + fcV J l + fcV 





(4.7) 



Tenepb c noMombio paBencTBa (4.7) ypaBHeHHe (4.3) mo>kho nepenncaTb 
B BHfle: 



dhc 



q f E{k) dk 
+ k'^ji^ 



5[x), (4.30 



5 XapaKTepHCTHHecKaa cHcxeMa 

Tenepb noflCTaBHM HHTerpajibi Oypbe (4.6) h (4.5), a xaKJKe paBencTBO 
(4.7) B ypaBHeHHH (4.3) h (4.4). HojiyHaeM xapaKTepucTHHecKyio CHCxeMy 
ypaBHeHHii: 

$(/c, + ikji) = 



27 



- 2qUsi{q, a) + 2(2 - q)GM f 



00 



E{k) = J K{t,a)^{k,t)dt. 

— oo 

Hs ypaBHeHHH (5.1) nojiynaeM: 



(5.1) 



(5.2) 



1 + ik/j, 



1 + ikfi 

oo 

2gC/,fe«) + 2(2-g)G.M-i/f^^ 



(5.3) 



rioflCTaBHM Bbipa>KeHHe ^jih 4)yHKi],HH $(A;, //), onpe/],ejieHHoe paBencTBOM 
(5.3), B (5.2). nojiy^aeM, hto: 



E(A;)L(A;) = -2qU si[q, a)Ti[k) + 2(2 - q)G,T2{k)- 

K{t,a)\t\dt 



00 



(l + ifct)(l + 'tit^)' 



(5.4) 



— OO 



Sflecb 



00 



K(t,a)f"dt 



T„(fc) = 2y — n = 0,1,2,3- 



5 -^5 " , 



npn^eM fljiH neTHbix n 



00 



r„(fc) = 2 1 ^ 



K{t,a)t"dt 



OO 



Kit, 0)^(11 



+ A;2t2 J 1 + ^^2^2 

-oo 



, n = 0,2,4,-. 



KpoMe Toro, 



00 



m = 1 - / ^ 



K{t,a)dt 
+ ikt 



-00 



HeTpyflHO BHfleTb, hto 



oo 



K{t,a)dt 
+ kH^ 



—00 
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~ ~ J 1 + kH^ ~ J 1 + kH^ ~ J 1 + kH^ ' 

-oo 

HJIH, KpaTKO, 

L{k) = k^T2{k). 

KpoMe Toro, BHyTpeHHuii HHTerpaji b (5.4) npeo6pa3yeM h o6o3HaHHM 
cjieflyiomHM o6pa30M: 

oo oo 

r K{t,a)\t\dt r K{t,a)tdt 

J il+ikt)il + klt^) J (1 + kH^)il + klt^) ^ ' 

-oo 
SaMeTHM, HTO 

J{k,0)=Ti{k), J{0,ki)=Ti{ki). 

HepenHineM xenepb ypaBHeHne (5.4) c noMombio npeflbiflymero paBencTBa 
B cjieflyiomeM BH^e: 

E{k)L{k) = -2qUsi{q,a)Ti{k) + 2(2 - q)G,T2{k)- 

GO 

J J{k,ki)E{ki)dki. (5.5) 



YpaBHeHHe (5.5) ecTb HHTerpajibHoe ypaBneHHe Ope/],rojibMa BToporo po- 

fla. 



6 Pa^ HeiiMaHa 

CHHTasi rpa^HeHT MaccoBOii cKopocTH b ypaBHGHHH (5.5) saflaHHbiM, pas- 
jiojKHM pemeHHH xapaKTepHCTHHecKoii CHCTeMbi (5.3) h (5.5) b p^ifl no cxe- 
neHHM K094)(^HLi;neHTa flH4)4)y3HOCTH q: 

E{k) = G,2(2 - q) [Eo{k) + qE,{k) + E2{k) + •••], (6.1) 
$(A;, fi) = G,2{2 - q) U^{k, //) + q^i{k, fi) + g2$2(A;, f^) + ■■■]■ (6.2) 
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CKopocTb CKOJibJKeHHfl Usi{q^ q;) npn 9tom 6yj\eM HCKaxb b BH^e 

Usiiq, a) = \Uo + Uiq + U2q' + ■ ■ ■ + Unq'' + ■ ■ ■]. (6.3) 

q I J 

UopfiTaBUM piiflbi (6.1)-(6.3) b ypaBHenHii (5.3) h (5.5). Hojiy^aeM cjie- 
flyiomyio CHCTeMy ypaBHeHHii: 

(1 + ikn)[^o{k, ii) + $i(A;, ^i)q + $2(A:, //)g^ + •••] = 

= [E^ik) + Ei(A;)g + E2{k)q^ + •••]- (C/q + t^iQ + t^2g' + ••• ) |//|+ 

oo 

TT J 1 + kffl'^ 



[^o(A;)+^i(A;)g+^2(A;)g'+---]L(A;) = -[Uo+Uiq+U2q'+- ■ ■]Tiik)+T2ik)- 

00 

y J(A;,A;i)[Eo(A;i)+Ei(A;i)g + E2(A;i)g2 + ...]ciA;i. 



IlocjieflHHe HHTerpajibHbie ypaBHeHHii pacnaflaiOTCii na SKBHBajieHTHyio 
6ecKOHeHHyio CHCxeMy ypaBHeHHii. B nyjieBOM HpH6jiH5KeHHH HOJiynaeM cjie- 
flyiomyio CHCTeMy ypaBHCHHii: 

E^{k)L{k) = T^ik) - UoTiik), (6.4) 

$o(^, /^)(1 + ikfi) = Eo{k) + - Uo\fi\, (6.5) 
B nepBOM npH6jiH>KeHHH: 

oo 

Ei{k)L{k) = -UiTi{k) - i y J{k, ki)Eo{ki)dki, (6.6) 



oo 



<l>i(fc,rt(l + »M = E,{k) - UM - My f ' . (6.7) 



Bo BTOpOM HpH6jIH5KeHHH: 



oo 



E2{k)L{k) = -U2Ti{k) - i y J(A;, k2)Ei{k2) dk2, (6.8) 
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oo 

Uk, m)(i + »M = Em -uM-^-^l TTW" 



B n-M npH6jin5KeHHH nojiynaeM: 

oo 

En{k)L{k) = -UnTi{k) - i y J{k, kn)En-l{kn)dkn, (6.10) 





$n(A;,//)(l + iA;//) = Enik) - Un\^i\- 

00 

\ld\ f En-i{kn)dk 



IT J 1 + kliJ,'^ 





, n = l,2,3,---. (6.11) 



6.1 HyjieBoe npnGjiHiaceHHe 

Hs 4)opMyjibi (6.4) fljiH HyjieBoro npH6jiH5KeHH5i naxoflHM: 

HyjieBoe npH6jiH5KeHHe MaccoBoii CKopocTH na ocHOBaHHH (6.12) paBHo: 

oo 

27r 7 



— 00 

00 



= G.?^ / e-^^^5^ii|±IM^),fc. (6.13) 

27r J ^\k) 



—oo 



CorjiacHO (6.13) najiojKHM na nyjieBoe npH6jiH>KeHHe MaccoBoii CKopocTH 
Tpe6oBaHne: Uc{+oo) = 0. 9to ycjiOBne npHBo;];HT k TOMy, ^to noflbiHTe- 
rpajibHoe BbipajKeHne h3 HHTerpajia Oypbe (6.13) b TOHKe k = Kone^HO. 
Cjie^OBaTejibHO, mm flOji>KHbi ycTpannTb nojiioc BToporo nopa^Ka b TOHKe 
k = y 4)yHKLi,HH EQ{k). 



oo oo 

T2(0)= J t'^(t^^)dt=^^ J t'Hl + 



— oo — oo 



00 



Ti{0) = 2 [ tK{t, a)dt = [ t\n{l + e''-^')dt = 

J Vq [a) J 





HaxoflHM HyjieBoe npH6jiH:>KeHHe Uq: 



Ij (a) 



00 



^2(0) 

Ti(0) 



-oo 



SaMeTHM, HTO 



t/o(-oo) = = 0.8862. 



HaiifleM ^ncjiHTejib Bbipa>KeHH5i (6.12): 



^2(0), 



T2ik) - UoT.ik) = Uk) - 7^T,{k) = 



1 



SaMenaH, hto 



nojiynaeM 



ri(o)r2(/c)-r2(o)ri(fc) 
kH'' 



1 



1 + A;2t2 



= 1 - 



r2(/c) = r2(0) - A;2r4(A;), Ti(A;) = Ti(0) - A;2r3(A;). 
OTKy^a 

Ti(0)T2(A;) -r2(0)Ti(A;) = A:^ [T2(0)r3(A;) - Ti(0)r4(A;) 



CjieflOBaTejibHO, mm nojiy^aeM: 



T2{k) - U^Tiik) = 



k' 



T2iO)Tsik) - T,iO)T,ik) 



L{k)Ti{0) 

HjiH, yHHTbiBaii, HTO L{k) = k'^T2{k), sannmeM npeflbi^ymee paBencTBO 
pone, 



Eoik) = 



^o{k) 

T2{ky 
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rfle 



CorjiacHO (6.5) naxoflHM: 



T2(0)T3(A;)-ri(0)r4(fc) 
Ti(0) 



$o(A;,/i) = 



Eojk) ^ fi^ - Uo\fx\ 
1 + ik/j, 



H, cjieflOBaTejibHO, 



oo 



27T 



e^^^dk 
1 + ik/j. 



— oo 



6.2 riepBoe npH6jiH:aceHHe 

riepeftfleM k nepsoMy npH6jiH5KeHnio. B nepsoM npH6jiH5KeHHn h3 ypas- 
HeHHii (6.6) HaxoflHM: 



Eiik) = 



1 



m 



UiTi{k) + - 



1 [ J{k,ki) 



7tJ T^iki) 





(fQ{ki)dki 



(6.14) 



nepsaii nonpasKa k MaccoBoii CKopocTH HMeeT bh^ 



00 



[/W(x) = G,?— ^ / e'^''Ei{k)dk. 



27r 



-oo 



Tpe6oBaHHe Uc{-\-oo) = npHBO^HT k Tpe6oBaHHio Kone^HOCTH noflbiHTe- 
rpajibHoro Bbipa>KeHH5i b npe/];bi;];yiri;eM HHTerpajie Oypbe. YcTpaniiii nojiioc 

BToporo nopa/],Ka b TOHKe /c = 0, Haxo/],HM: 

00 



oo 



1 f Tijki) 
■7rTi(0) J T2{ki) 





00 



(foiki) dki = 



7rri(0) 



Tiiki)Eoiki)dki. (6.15) 
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HeTpyflHO npoBepHTb, wio 



t/i(-(X)) ^ 0.1405. 

ripeoGpasyeM c noMombio (6.15) Bbipa>KeHHe b KBa^paTHoii CKoGxe h3 
Bbipa>KeHH5i (6.14): 



oo 

UiT,{k) + - [ J(k,h)^^dh = 

TTJ T2{ki) 



oo 



00 



00 



1 

TT 



J{kM)- 





Tiik)Ti{ki) 
Ti(0) 



T2(A;i) 



Eoiki)dh 



(4.16) 



SaMeTHM, HTO J(0, ki) = Ti{ki). HaiifleM BbipajKenne 

Ti{k)Ti{ki) 



Ti(0) 



PaccMOTpHM pasjiojKeHHe na ajieMGHTapHbie /],po6h: 

1 [(1 + kit'') - kit''] [(1 + kH'') - kH''] 



(1 + W)(i + A;2^2) 
kit" 



{l + kH''){l + klt'') 



24-2 



= 1 - 



kH 



eki t^ 



+ 



1 + ^2^2 1 + Pt2 [I kH^){l klt^) 

C noMOinbio SToro pasjiojKenHii npeo6pa3yeM HHTerpaji 



oo 



J(A:,A;i) = 2 j 



K{t,a)tdt 







(1 + A;2t2) (1 + ^2^2) 



IIojiyHaeM cjie^yiomee npe^CTaBjieHHe 3Toro HHTerpajia: 

00 

'^^^ ^K{t,a)t^dt 



K{t, a)t^dt 



00 00 



+ kH^ 





oo 



^k''kl2 



{l + kH'){l + klt'y 
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HJIH 



J{k, ki) = Ti(0) - eT^{k) - kfTsiki) + eklMk, ki) 



00 



Jn{k,ki) = 2 J 


Tenepb hcho, hto 



(1 + A;2t2)(i + A;2t2)' 



n = 3, 5. 



Ti(0) 

IlpeflCTaBHM 9T0 Bbipa>KeHHe b BH^e 



ri(o) 



rfle 



Ti(0) 



T3{k)n{ki) 

ri(o) 



BepneMCii k BbipajKeHHio (6.14). C noMOinbio (6.16) xenepb nojiy^aeM 

oo 

1 f S{ki,k2) 



Ei[ki) = 



7rT2iki)J T2{k2) 




-V?o(^2) dk2, 



(6.17) 



HJIH, KpaTKO, 



r^e 



^i(A;i) 



<^i{ki) 



^i{ki) = — 



T2iki) 
1 f S{ki,k2 



TT J T2{k2) 




HJIH 



00 



^i(A;i) = -i J S{kiM)Eo{k2)dk2. 



Tenepb noflCTaBjiHii (6.17) b (6.7) naxoflHM nepBoe npH6jiH5KeHHe cneK- 
TpajibHOH HjiOTHOCTH 4)yHKD;HH pacHpeflejieHHii: 



^i{k,ii) 



1 



1 + ikil 
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6.3 BTopoe npH6jiH:aceHHe 



nepeiifleM ko BTopoMy npH6jiH>KeHHK) sa^aHH - ypaBHenHH (6.8) h (6.9). 
Hs ypaBHeHHii (6.8) naxoflUM: 



E2ik) = 



U2Ti{k) + i y J{k, ki)Ei{ki) dki 





(6.18) 



BTopaa nonpaBKa k iviaccoBOH CKopocTH HMeeT bh^: 



00 



Uf\x) = G,%-^ [ e'^''E2{k)dk. 



27r 



-oo 



YcjIOBHe Uc{-\-00) = npHBOflHT K Tpe60BaHHI0 OrpaHH^eHHOCTH (J)yHK- 

d;hh E2{k) B TOHKe k = 0. ycTpaH5i5i nojiioc BToporo nopa^Ka b TO^Ke k = 
B npaBoii nacTH paBencTBa p^jin -£'2(^)5 naxo^HM: 



U2 = 



1 



CXD 



7rri(0) 



J{0,ki)Ei{ki)dki = 



1 



7rTi(0) 



Ti{ki)Ei{ki)dh 



HeTpy^HO npoBepHTb, hto 

t/2(-oo) ^ -0.0116. 
OopMyjiy (6.19) npeo6pa3yeM k cjie^yiomeMy BH^y: 



U2 = 



00 00 

1 f C Tr{kr)S{kiM) 



7r2Ti(0) 








T2{ki)T2{k2) 



¥^0(^2) dkidk'} 



(6.19) 



HpeoSpasyeM Bbipa»:eHHe (6.18) c noMombio paBencTBa (6.19). HMeeM: 



00 



E2[k) = 



J{kM) 



Ti{k)Ti{ki) 
Ti(0) 



Ei{ki)dki 



Bbime 6bijio noKasano, hto 
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CjieflOBaTejibHO, npeflbiflymee paBencTBO ^aeT 

1 



oo 



E2{k) = 



7rT2(A;) 



S{k,ki)Ei{ki)dki = 



1 



00 oo 



S{k, ki)S{ki, k2) 

T^''T2{k) J J T2{ki)T2{k2) 





ipo{k2)dkidk2 



IlepenHmeM 9to paBencTBO b BH^e: 

E2{k) = 



^2{k) 
T2[k) 



00 



<P2{k) = -\ j S{k,ki)Ei{ki)dki = 



oo 00 




S{k, ki)S{ki, k2) 



J T2{ki)T2{k2) 




(po{k2)dkidk'2 



^ji5i BToporo npn6jin5KeHH5i cneKTpajibHoii njiOTHOCTH 4)yHKLi,HH pacnpe- 
flejieHHH H3 ypaBHeHHH (6.9) nojiyHaeM: 



Mk.fi) = 



1 



1 + ikfi 



00 



E2ik) - U2\li\ - 



|/i| f Ei{ki)dk\ 



TT J l + klii'^ 





6.4 BfcicniHe npH6jiH:aceHHH 



B TpeTbeM npH6jiH5KeHHH nojiynaeM: 



E:,[k) = 



1 



00 



U',Ti{k) + -j J{k,ki)E2{ki)dki 





KaK H panee, ycTpaniiii nojiioc BToporo nopaflKa b TO^Ke A; = 0, nojiy^aeM: 

oo 

1 1 



oo 



7rTi(0) 



JiO,ki)E2{ki)dki = 



7rTi(0) 



Tiiki)E2iki)dki 
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HJIH 

oo 


SaMeTHM, HTO 

Usi-oo) = 0.0011. 
KpoMe Toro, b xpeTbeM npH6jiH>KeHHH mm nojiynaeM: 

oo 


00 

S{k, ki)E2{ki)dki, 



TTT^ik) J 





HJIH 



r^e 



^^^^^ - 



oo 

= -lj S{k,ki)E2{ki)dki = 





00 00 00 



TT^y y y T2{h)T2{k2)T2{k^) 



H 

oo oo oo 


npoBo;];5i anajiorHHRbie paccy:>KfleHH5i, n-ro npH6jiH5KeHH5i corjiacno 
(4.10) H (4.11) nojiyHaeivi: 

00 

1 

Un = 

7rri(0j 





00 

^ J Ti{k)En-i{k)dk, n = l,2, 



oo 



En{k) = -;^^r^ / S{k, ki)E^.i{ki)dki, n = 1, 2, 
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HJIH 



rfle 



Enik) 



T2ik) ' 



n = 0,1,2, 



oo 



'fnik) = -^J S{k,ki)En-i{ki)dki, n = l,2. 



^n[k,^i) = 



1 



1 + ik/i 



00 



Enik) -UM--J 



BbinnmeM n-bie npH6jiH5KeHH5i En{k) h Lpnik)-, BbipajKennbie ^epes ny- 
jieBoe npH6jiH5KeHHe cneKTpajibHoft njioTHOCTH MaccoBoft CKopocTH Eo^k) = 
ipo{k)/T2{k). HMeeM: 



00 00 



TT 



n 



Ti{ ki)S{ki, k2)--- S{kn-i, k^) 
Ti{0)T2iki)---T2ikn) 



X 





X(fQ{kn) dki---dkn, 



oo oo 



En{k) = 



7r-T2(A;) J J 



X(po{kn)dki- ■ -dkn, n = 1,2,3, 



S{k, ki)S{ki, k2) ■ ■ -Sikn-i, kn) 

T2{ki)---T2{kn) 



X 



oo oo 



^n{k) 



1 



TT 



n 



S{k, ki)S{ki, k2) ■ ■ ■S{kn-i, K 

T2{ki)---T2{kn) 



X 





X(fo{kn)dki---dkn, n = l,2. 



7 CpaBHeHHe c TOHHbiM pemeHHeM. CKopocTb 

CKOJibiaceHHa 

CpaBHHM HyjieBoe, nepBoe, BTopoe h xpexbe npH6jiH>KeHH5i npn q = 1 c 
TOHHbiM pemeHHGM. OrpaHHHHMCii cjiy^aeM KBaHTOBbix 4)epMH-ra30B, 6jih3- 
KHX K KjiaccHHecKHM (i.e. npH a — )■ — oo), h cjiynaeM flH4)(^y3Horo OTpajKe- 
HH5I MOJieKyji rasa ot noBepxHOCTH. 
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To^Hoe SHa^eHHe CKopocTH CKOJib^KenHH b cjiy^ae flHcJx^ysHoro pacceii- 

HH5I JlJISl KBaHTOBblX 4)epMH-ra30B C nOCTOilHHOil HaCTOTOH CTOJIKHOBeHHH 

TaKOBo: 

Usiiq = l,a) = Vi{a)Gv. 

Sflecb 



Vi(a) = J C(r,a)(ir, 



C(t, a) = d{T, a) — IT, d{T, a) = arg (//, a) = arctg 



A(r, a) 
7rriC(r, a) 



HJIH, B HBHOM BH^e, 



6{t, a) = arcctg 



2 

1 f x\n{l + e"~^ )dx 
IT J r{x- r) ln(l + e"-^') 



— oo 



CjieflOBaTejibHO, tohhog SHa^eHHe CKopocTH CKOJibJKenHH b cjiynae flH(|)- 

4)y3HOrO paCCe5IHH5I flJI5I KBaHTOBblX 4)epMH-ra30B, 6jIH3KHM K KJiaCCHHeCKHM 

rasaM (x.e. a — )■ — oo) TaKOBo: 

[/^^(g = l,a = -oo) = 1.0162G^. 
CKopocTb CK0Jib>KeHH5i B TpeTbCM npH6jiH>KeHHH paBHa: 



2-q 



Uo + UiQ + U2q^ + Usq' 



HJIH, corjiacHO npHBe;];eHHbiM Bbime pesyjibTaTaM: 
Usi(q, a) = Gv'^—^ [0.886227 + 0.140523g - 0.011556g^ + 0.001092g^ 

q L 

HeTpyflHO npoBepHTb, hto b nyjieBOM (MaKCBejiJiOBCKOM) npH6jiH5KeHHH 

U^\q = 1, a = -oo) = 0.886227G„, 

T.e. HyjieBoe npH6jiH5KeHHe ^aeT omH6Ky 12.8%. 
B nepBOM npH6jiH5KeHHH nojiynaeM 



Ufil) = 1.0268G^, 
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SHa^HT, nepBoe npH6jiH5KeHHe ^aeT omH6Ky 1.04%. 

Bo BTOpOM npH6jIH5KeHHH 

U^\q = 1, a = -oo) = 1.0152G^, 

T.e. BTopoe npH6jiH>KeHHe ^aex omnSKy —0.098%. 
B TpeTbeM npH6jin>KeHHH 

Ul\q = 1, a = -oo) = 1.0163G^. 

Sna^HT, TpeTbe npH6jin5KeHHe npnBOflHT k omH6Ke 0.009%. 

IIpHBefleHHoe cpaBHeHne nocjie;];oBTejiBHbix npH6jiH5KeHHH c tohhbim pe- 
syjiBTaTOM CBH^eTejiBCTByeT o bbicokoh 34)4)eKTHBHOCTH npe^jiaraeMoro Me- 
TOfla. 



8 IIpocJjHjib CKopocTH rasa b nojiynpocTpancTBe h ee 

3HaHeHHe y ctchkh 

MaccoByio CKopocTB, OTBenaioinyio nenpepBiBHOMy cneKxpy, pasjiojKHM 
no CTeneHHM K094)4)HD;HeHTa ;];H4)4)y3HOCTH: 

Ucix) = U^^\x) + qU^'\x) + q^UPix) + • • • . (8.1) 

Torfla npo4)HjiB MaccoBofi CKopocTH b nojiynpocTpancTBe mo>kho ctpohtb 
no 4)opMyjie: 

U{x) = Usiiq, a) + G,x + Uc{x), (8.2) 

r^e Uc{x) oupej\eji5ieTC5i npeflbiflymnM paBencTBOM (8.1). 

Ko34)4)Hu,HeHTbi pHfla (8.1) BbinncjinM corjiacno BbiBeflennbiM Bbime 4)op- 
MyjiaM: 

oo 

t/i")(x) = J e"''^En{k)dk, n = 0, 1, 2, . . . . 

— oo 

CorjiacHO (8.2) bbihhcjihm CKopocTB rasa HenocpeflCTBenno y CTenKn: 
U{0) = U,i{q, a) + [/(0)(0) + qU^'\0) + q'uP{0) + • • • . (8.3) 



B cjiy^ae hhcto flH4)4)y3Horo 0Tpa>KeHH5i MOJieKyji ot CTeHKH [q 
corjiacHO (8.3) mm HMeeM 

U{0) = U,i{l, a) + [/W(0) + UPiO) + UPiO) + • • • . 

OTCiofla B HyjieBOM npH6jiH>KeHHH nojiynaeM: 

OTCIOfla BHflHO, HTO 



t/(o) 



= -oo) + t/f(0) 

: — OO 

B nepBOM npH6jiH>KeHHH nojiyHaeM: 

U^'\0) = Usi{l.a)^u!:'\0)^U^'\0). 

OTCIOfla BHflHO, HTO 

/7W(0) -oo) + t/io)(0) 



= 0.6747G^. 



OO 



+ 



a~~oo 



= o.nosG^. 



Bo BTopoM npnGjiHJKeHHH nojiyHaeivi: 

/7(2)(0) = U,i{l,a) + t/f (0) + t/(i)(0) + U!:'\0). 



OTCIOfla BHflHO, HTO 



U^'\0) =U,i{l,-oo) + UP{0) 



+ 



/7W(0) +t/f)(0) 



= 0.7068a 



CpaBHHM 3TH peSyjIbTaTbl C TOHHbIM SHaHeHHe CKOpOCTH y CTeHKH 



Hs 3T0H 4)opMyjibi BbiTexaeT, hto 



1 



v2 
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BsefleM OTHOCHTejibHyio omH6Ky 

O„ = M_|!M.i00%, n = 0,l,2,.... 

B HyjieBOM npH6jiH>KeHHH OTHOCHTejibnaii omH6Ka paBHa 4.6%, b nepBOM 
npH6jiH5KeHHH paBHa —0.45%, bo BTopoM npH6jiH5KeHHH paBHa: 0.044%. 



9 npHBe/i,eHHe (J)opMyji k pasMepnoMy BH^y 

OopMyjiy (6.3) p,jisi 6e3pa3MepHOH CKopocTH CKOJibJKenHii upuBepfiu k pas- 
MepHOMy BHfly. ^jih SToro nona^oGHTCH K034)4)Hi],HeHT bhskocth KBaHTOBoro 
4)epMH - rasa. 

Ho onpeflejieHHK) K03(|)(|)HLi,neHT KHHeMaTH^ecKoii bhskocth paBen: 

P 

77 = - 



dx / 00 

rfle - pasMepnafl MaccoBaii CKopocTb, OTKy^a 

TTl f 

7] = / fvxVydQ, (9.1) 

9v J 

r/^e Qy - pasMepHbiH rpa^HeHT MaccoBoii CKopocTH. Y^HTbiBaii, hto Xi = 
Vyf^x^ rfle X - pasMepnafl KOopflHHaTa, HMeeM: 

_ fduy{x)\ _ iyd{y/j3uy{x)) _ ^dUy{xi) _ 
\ dx ) 00 dliyy/^x) dxi ^ 

Sflecb Gy - 6e3pa3MepHbm rpaflnenT, Uy - GespasMepnaH MaccoBaii CKopocTb 
B HanpaBjieHHH och y. 

riepeiifleM b (9.1) k HHTerpHpoBaHHio no SespasMepHbiM KOMnonenTaM 

CKOpOCTH: 

m\2s + 1) / 2^^^^^ ^^^^ j,^^ 



FG„(27rft)f(v^)! 
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HoflCTaBjiiiH BMecTO Cx) acHMnTOTH^ecKyio 4)yHKD;Hio has{x, Cx)-, Ha- 

XOflHM, ^TO 



77 = 



2(2s + l)m^ 



z/(27r/i)3(V;5)5 

BblHHCJIHH HHTerpajI B STOM Bbipa>KeHHH, naXO^HM K034)4)HI],HeHT B5I3KO- 

cth: 



77 



2(2s + l)mV/|(a) 
z/(27r/i)3(v^)5 ' 



00 



(a) = j ln(l + exp(a — x^)) c^x. 



BbipaSHM K094)4)HI];HeHT B5I3KOCTH HepeS ^HCJIOByK) njIOTHOCTb. HeTpyflHO 
BHfleTb, HTO 



/ 



Ar= / fd^ = 



2Ti{2s+l)m%{a) 



00 

/„» = /l„(l + e.p(a-.^))<i.. 



CjieflOBaTejIbHO, K094)(^HLi;HeHT BHSKOCTH M05KH0 npeflCTaBHTb B BHfle 

N 'ml2{oi) p /^(a) 



77 



(9.3) 



BbipajKenne pasMepnoii CKopocTH c y^eTOM paBencTBa (6.3), b koto- 
poM Bce K094)4)Hi],HeHTbi p5i^a Haft^eHbi, nepenHineM b Bn^e: 

OTKy^a pasMepnaii CKopocTb CK0Jib:>KeHH5i paBHa: 



C{a,q) 
Usi{a,q) = 7=Thv 



Sflecb 



C{q,a) = 



2-q 



Uo + Uiq + U2q^ 



(9.4) 



(9.5) 
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P^jinRy CBo6o;];Horo npo6era / b (9.4) BbipasHM ^epes bsiskoctb t] corjiacHO 
HepHHHbHHH [3]-[B]: / = tjp^^^/tt^. HoflCTaBjisisi Bbipa>KeHHe (9.5) b (9.4), 
nojiy^aeM HCKOMyio pasMepnyio CKopocTb CK0Jib>KeHH5i: 

Usi{a,q) = K^{a,q)lgy, 

p C{a,q) l^ja) 

Vtt /| (a) 

eCTb K03(J)(J)HIJ,HeHT HSOTepMHHeCKOrO CK0JIb>KeHH5I. 




PhC. 4: SaBHCHMOCTb KOBcJ^cJjHI^HeHTa HSOTepMIIHeCKOrO CKOJIbJKeHHH OT K034)4)HLI,HeHTa 

flH4)4)y3HOCTH. KpHBbie 1 H 2 OTBenaroT SHaneHHaM npHBe;];eHHoro xiiMHHecKoro noTeHi^najia 
a = —5 n a = 2. JlorapncJjMHHecKHH MacniTaG no BepTHKajibHofi och. 
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Phc. 5: SaBHCHMOCTb K034)4)Hii;HeHTa HSOTepMnnecKoro CKOjibJKeHHH ot npHBe/ieHHoro 
XHMHHecKoro noTeHii;Hajia. KpHBbie 1,2 h 2 OTBenaioT snaneHHHM K034)4)Hu;HeHTa 
/];H4)4)y3HOCTH q = 1, 0.7 m q = 0.5. 

10 3aKjiioHeHHe 

B HacTOHineft pa6oTe c noMOinbio pasBHToro He^aBHO [SB] HOBoro MeTO^a 
pemena nojiynpocTpancTBeHHasi rpaHHHHasi sa^a^a KHHeTHHecKoii TeopHH 
— sa^ana Kpaiviepca 06 HSOTepMH^ecKOM CKOJib>KeHHH KBaHTOBoro 4)epMH- 
rasa c nocTOHHHOH HacTOToft CTOJiKHOBeHHft MOJieKyji h c sepKajibHO - ah(|)- 

4)y3HbIMH rpaHHHHblMH yCJIOBHHMH. B OCHOBe MeTOfla Jie>KHT Rflfiil npoflOJi- 

>KHTb 4)yHKii,HK) pacnpeflejiGHHsi b conp5i>KeHHoe nojiynpocTpancTBO x < 
H BKjiiOHHTb B KHHeTHHGCKoe ypaBHGHHe rpaHHHHoe ycjiOBHe B BHfle Hjiena 
THna HCTOHHHKa Ha 4)yHKii,HK) pacnpe/],ejieHH5i, OTBe^aiomyio nenpepbiBHO- 
My cneKTpy. C noMombio npeo6pa30BaHH5i Oypbe KHHeTHnecKoe ypaBHeHHe 
CBOflHM K xapaKTepHCTHHecKOMy HHTerpajibHOMy ypaBHeHHio Ope^rojibMa 
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BToporo pofla, KOTopoe pemaeM MeTO^OM nocjieflOBaTejibHbix npH6jiH>KeHHH. 
^ji5i SToro pasjiaraeM b psipM no CTenenHM K034)(|)HLi,HeHTa flHcJicJiysHOCTH 
CKopocTb CK0Jib>KeHH5i rasa, ero 4)yHKii,HK) pacnpe/],ejieHH5i h MaccoByio cko- 
pocTb, OTBenaiomHe nenpepbiBHOMy cneKTpy. Ilop^CT&Bjiiiii sth pa3Jio>KeHH5i 
B xapaKTepHCTHHecKoe ypaBnenHe h npHpaBHHBaa K034)4)Hi],HeHTbi npn o^h- 
HaKOBbix CTeneHHx KOScJ^cJ^HL^neHTa flH4)4)y3HOCTH, nojiynaeM cneTHyio ch- 
CTeMy 3ai],enjieHHbix ypaBHeHHii, h3 KOTopbix naxo^HM Bce K03(|)4)Hi],HeHTbi 

HCKOMblX pa3JI0>KeHHH. 

Mbi HaxoflHM TaK Ha3biBaeMyK) CKopocTb CK0Jib>KeHH5i ra3a B^ojib no- 
BepxHOCTH, 4)yHKi],HK) pacnpeflejieHHH h pacnpe^ejieHHe MaccoBoii CKopocTH 
B nojiynpocTpancTBe. CKopocTb CKOJib>KeHHH — sto 4)HKTHBHa5i CKopocTb ra- 
3a, KOTopasi nojiynaeTCsi, ecjiH npo4)Hjib acHMnTOTHnecKoro pacnpeflejieHH5i 

MaCCOBOH CKOpOCTH, BblHHCJieHHyK) BflajIH OT CTeHKH Ha OCHOBe aCHMHTOTH- 

necKoro pacnpeflejieHH5i Hemviena — SncKora, npojiOHrnpoBaTb flo rpaHHii,bi 
nojiynpocTpancTBa. 

HpefljiaraeMbiH MeTOfl oSjia^aeT bbicokoh 34)4)eKTHBHOCTbK). Tax, cpaBne- 
HHe c TOHHbiM pemeHHeM noKa3biBaeT, hto b TpeTbeivi npH6jiH>KeHHH oniHSKa 
He npeBOCxoflHT 0.1%. 

KpoMe Toro, b pa6oTe BnepBbie paccMaTpHBaeTC5i o6paTHa5i 3aflaHa Kpa- 
Mepca. B o6paTHOH 3aflaHe KpaMepca CKopocTb CK0Jib>KeHH5i CHHTaeTcsi 3a- 

;],aHHOH, a HeHSBeCTHOH BejIHHHHOH 5IBJI5ieTC5I BejIHHHHa TpaflHeHTa MaCCOBOH 
CKOpOCTH ra3a KaK 4)yHKLI,HH K034)4)HI],HeHTa /],H4)4)y3HOCTH. 

H3jio>KeHHbiH B pa6oTe MeTO/i, 6biji ycneniHO npHMeneH [57j-[B5] b peme- 

HHH piip^a TaKHX CJIO>KHbIX 3a/],aH KHHeTHHeCKOH TeopHH, KOTOpbie He flOHyC- 

KaiOT anajiHTHHecKoro pemeHHH. 
CnHCOK jiHTepaxypbi 

[1] Ferziger J. H. and Kaper H. G. Mathematical Theory of Transport Processes in 
Gases. - North-Holland Publishing Company. 1972. 

[2] Cercignani C. Mathematical Methods in Kinetic Theory. - Plenum Press. New York. 
1969. 

[3] Case K. M. Elementary solutions of the transport equations and their 
applications//Ann. Phys. V.9.K51. 1960. P. 1-23. 



47 



[4] Cercignani C. Elementary solutions of the linearized gas-dynamics Boltzmann 
equation and their applications to the slip-flow problem//Ann. Phys. (USA) 1962. 
V. 20. No. 2. P. 219-233. 

[5] Cercignani C. The method of elementary solutions for kinetic models with velocity- 
dependent collision frequency //Ann. Phys. 1966. V. 40. P. 469-481. 

[6] Cercignani C, Foresti P., Sernagiotto F. Dependence of the slip coefficient on the 
form of the collision frequency.- Part 2. Nuovo Cimento. 1968. V. LVll. B. No. 2. P. 
297-306. 

[7] Cercignani C. The Kramers problem for a not completely diffusing wall//J. Math. 
Phys. Appl. 1965. V.IO. P. 568-586. 

[8] Cercignani C, Lampis M. Kinetic model for gas-surface ineraction//Transport 
Theory and Statist. Physics. 1971. V.l. P. 101-109. 

[9] Kriese J.T., Chang T.S., Siewert C.E. Elementary solutions of coupled model 
equations in the kinetic theory of gases// Intern. J. Eng. Sci. 1974. V. 12. No. 
6. 441-470. 

[10] Cercignani C. Analytic solution of the temperature jump problem for the BGK 
model// Transport Theory and Statist. Physics. V. 6. No. 1. 1977. P. 29-56. 

[11] Aoki K., Cercignani C. A technique for time - dependent boundary value problems 
in the kinetix theory of gases. Part I. Basic analysis// J. Appl. Math. Phys. V. 35. 
No. 2. 1984. P. 127 - 143; Part II. Application to sound propag ation. - J. Appl. 
Math. Phys. V. 35. No. 3, 1984. P. 345 - 362. 

[12] Latyshev A. V. Aplying the Case method to solving of linear kinetic BGK equation 
in problem on temperature jump// Appl. Math, and Mech. 1990. V. 54(4). P . 581 
- 586. 

[13] Latyshev A.V., Yushkanov A. A., Dolgosheina E.B. Exact solutions of model BGK 
equation in tcmptrature jump and week evaporation problems. - Fluid Dynamics. 
V. 27. No. 1. 1992. 

[14] Latyshev A.V., Yushkanov A. A. An analytical solution of the problem of the 
temperature jumps and vapour density over a surface when there is a temperature 
gradient . - J. Appl. Maths Mechs. 1994. V. 58. No. 2, p.p. 259-265. 

[15] Latyshev A.V., Yushkanov A. A. Analytic solution to the problem of the temperature 
jump in a gas with rotational degrees of freedom . - Teor. Math. Phys. 1993. V. 95, 
No. 3, June, p.p. 758-765. 

[16] Latyshev A.V., Yushkanov A. A. The temperature jump and slow evaporation in 
molecular gases. - J. of experimental and theoretical physics. 1998, September. V. 
87. No. 3. P. 518-526. 

[17] Latyshev A.V., Yushkanov A. A. Constructing a model transport equation for a 
massless Bose gas and its analytic solution. - Theor. and Mathem. Physics, Vol 
.111, No. 3, 1997. P. 762 - 770. 



48 



[18] Latyshev A.V., Yushkanov A. A. Analytical Solution to the Problem of a Temperature 
Jump in a Metal. - Technical Physics. 2003. V. 48. No. 7, pp. 837 - 845. 

[19] Latyshev A.V., Yushkanov A. A. Smolukhovski problem for electrons in a metal. - 
Theor. and Mathem. Phys. 2005. V. 142 (1). P. 79-95. 

[20] Latyshev A.V., Yushkanov A. A. Smoluchowski's problem for molecular gases taking 
the accommodation coefficients of the translational and rotational energy of the 
molecules into account. - J. Appl. Maths Mehcs, 2002. Vol. 66, No. 5, pp. 787 - 795. 

[21] Latyshev A.V., Yushkanov A. A. Analytical calculation of the parameters of a 
molecular gas on a surface in the Smoluchowski problem. - J. of Applied Mechanics 
and Technical Physics. 2001. Vol. 42. No. 3, pp. 460 - 468. 

[22] Latyshev A.V., Yushkanov A. A. Analytical solution of one-dimensional problem 
about moderate strong evaporation (condensation) in half-space// J. Appl. Mech. 
and Tech. Phys. 1993. T. 34. No. 1. C. 102-106. 

[23] Latyshev A.V., Yushkanov A. A. Analytic solution of the strong evaporation 
(condensation) problem . - Fluid. Mech. 1992, November - December, No. 6, p.p. 
861-871. 

[24] Arthur M. D., Cercignani C. Non-existence of a steady rarefied supersonic flow in 
a half-space// J. Appl. Math. Phys. - 1980. - V. 31, Wb, 634 - 645. 

[25] Cassell J. S. and Williams M. M. R. An exact solution of the temperature shp 
problem in rarefled gases. - Transport Theory and Statistical Physics, 2(1), 81-90 
(1972). 

[26] Latyshev A.V., Yushkanov A. A. Boundary value problems for a model Boltzmann 
equation with frequency proportional to the molecule velocity. - Fluid Dynamics. 
1996. V. 31(3), p.p. 454-466. 

[27] Latyshev A.V., Yushkanov A. A. The theory and accurate solutions of problems of 
the slip of a binary gas along a plane surface. - Comput. Maths. Math. Phys. 1991. 
V. 31 (8), p.p. 58-65. 

[28] Latyshev A.V., Yushkanov A. A. Analytical solution of vector model kinetic equations 
with constant kernel and their applications. - Teor. Math. Phys. 1993. V. 97. No. 2, 
p.p. 1299-1311. 

[29] Latyshev A.V., Timchenko O.V. Theory and accurate solutions of the problem of 
the isothermal slip of a medium - density binary gas. - Comput. Maths. Math. Phys. 
1995. V. 35 (4), p.p. 459-469. 

[30] Kostikov A. A., Latyshev A.V., Yushkanov A. A. Analytical Solution of the Problem 
of Concentration Jump during Evaporation of a Binary Mixture. - Technical Physics 
Letters. 2004. Vol. 30, No. 12, pp. 1023 - 1026. 

[31] Latyshev A. V., Yushkanov A. A. The Kramers problem for the ellipsoidal - statistical 
Boltzmann equation with frequency proportional to the velocity of molecules. - 
Comput. Maths and Math. Phys. 1997. Vol. 37(4), p.p. 481 - 491. 



49 



[32] Latyshev A.V., Yushkanov A. A. Analytic Solution of Boundary Value Problems for 

the Shakhov Equation with the Collision Frequency Proportional to the Molecule 
Velocity - Fluids Dynamics. 2003. V. 38. WA, pp. 632-645. 

[33] Latyshev A.V., Yushkanov A. A. Analytical solutions of boundary value problems for 
ellipsoidal statistical equations. - J. Appl. Math, and Tech. Phys. 2004. V. 45. No. 
5. Pp. 622-633. 

[34] Latyshev A.V., Yushkanov A. A. Moment Boundary Condition in Rarefied Gas Slip- 
Flow Problems. - Fluid Dynamics. 2004. V. 39. No. 2, pp. 339-353. 

[35] Latyshev A.V., Yushkanov A. A. A. Method for Solving Boundary Value Problems 
for Kinetic Equations. - Comput. Maths and Math. Physics. Vol. 44. No. 6. 2004, 
pp. 1051-1061. 

[36] Latyshev A.V., Yushkanov A. A. The Method of Singular Equations in Boundary 
Value Problems in Kinetic Theory. - Theor. and Mathem. Physics. 2005. 143(3). P. 
855-870. 

[37] Latyshev A.V., Yushkanov A. A. Analytic solution of boundary - value problems for 
nonstationary model kinetic equations . - Theor. Math. Phys. 1992. V. 92. No. 1, 
p.p. 782-790. 

[38] Latyshev A. V., Yushkanov A. A. Nonstationary boundary problem for model kinetic 
equations at critical parameters. - Teor. and Math. Phys. 1998. V. 116. No. 2. P. 
978 - 989. Coauthor: A. A. Yushkanov. 

[39] Latyshev A.V., Yushkanov A. A. Application of the Case method in the analytical 
solution of a generalized problem of skin effect in a metal. - Comput. Maths and 
Mathem. Physics. 1999. V. 39. No. 6. P. 951 - 967. Coauthor: A.A. Yushkanov. 

[40] Latyshev A.V., Yushkanov A.A. Analytical Description of the Skin Effect in a Metal 
by Using the Two-Parameter Kinetic Equations. - Comput. Maths and Math. 
Physics. Vol. 44. No. 10. 2004, pp. 1773-1783. 

[41] Latyshev A.V., Yushkanov A.A. Skin - effect at a Finite Temperature with a Diffusive 
Condition on the Boundary of the Half - Space of the Conducting Medium. - Comp. 
Maths and Math. Phys. 2006. V. 46. No. 1, 141-153. 

[42] Latyshev A.V., Yushkanov A.A. Skin Effect in a Gaseous Plasma with a Collision 
Frequency Proportional to the Electron Velocity. - Plasma Physics Report. 2006. 
Vol. 32. No. 11, pp. 943 - 948. 

[43] JIamumee A.B., lOmKanoe A.A. rpaHHHHbie sa^^ann ^jih KBauTOBoro 4)epMH - ra- 
sa// Teop. H MaTCM. 4)H3HKa. 2001. T. 129. N'-3. C. 491-502. 

[44] Latyshev A.V., Yushkanov A.A. Kinetic equations for quantum Fermi gases and 
the analytic solution of boundary value problems. - Theoretical and Mathematical 
Physics. 2003. V. 134 (2). 272-285. 



50 



Latyshev A.V., Yushkanov A. A. Electron Plasma in a Metal Half-Space in an 
Alternating Electric Field. - Comp. Math, and Math. Phys. 2001. Vol. 41. No. 8. 
Pp. 1169-1181. 

Latyshev A.V., Yushkanov A. A. Analytic solution to the problem of the behavior of 
a collisional plasma in a half-space in an external alternating electric field . - Teor. 
Math. Phys. 1995. V. 103. No. 2, May, p.p. 573-582. 

Latyshev A.V., Yushkanov A. A. Thermoelectric Phenomena at Grain Boundaries. - 
Technical Physics. Vol. 49. No. 11. 2004, pp. 1391-1397. 

Latyshev A.V., Yushkanov A. A. Degenerare plasma in a half - space under an 
external electric field. - Theor. and Mathem. Physics. 2006. 147(3), 854 - 867. 

Latyshev A.V., Yushkanov A. A. Degenerate Plasma in a Half - Space under an 
External Alternating Electric Field Near Resonance. - Physics of Sohd State. 2006. 
Vol. 48. No. 12, pp. 2223 - 2239. 

Latyshev A.V., Yushkanov A. A. Nondegenerate Plasma with a Diffusive Boundary 
Condition in a High - Frequency Electric Field Near Resonance. - Comp. Maths 
and Math. Physics. 2007. Vol. 47. No. 1, pp. 118 - 125. 

Latyshev A.V., Yushkanov A. A. Reflection of plasma waves from a plane boundary. 
- Theor. and Mathem. Physics. V. 150 (3), 425 - 435 (2007). 

Latyshev A.V., Yushkanov A. A. Reflection of a Plasma Wave from the Flat Boundary 
of a Degenerate Plasma. - Technical Physics. 2007. Vol. 52. No. 3, pp. 306 - 312. 

Latyshev A.V., Yushkanov A. A. Behavior of a plasma with the collision rate 
proportional to the electron velocity in an external electric fleld. - Theor. and Math. 
Physics, 153 (3), pp. 1697 - 1708 (2007). 

Latyshev A.V., Yushkanov A. A. Response of the Electron Plasma in a Thin Metal 
Slab to a Low-Frequency External Electric Field// Russian Microelectronics, 2008, 
Vol. 37, No. 3, pp. 157-165. 

Latyshev A.V., Yushkanov A. A. Plasma in a Metal Layer Exposed to an RF Electric 
Field// Technical Physics 2008. Vol. 53, No. 5, pp. 562-570. 

Alahina Y.F., Latyshev A. V., Yushkanov A. A. Analytical solution of the skin effect 
problem with the displacement current in Maxwell plasma by the source method/ / 
J. Mathem. Phys. 2009. Vol. 50. No. 4. P. 3516-3524. 

Latyshev A.V., Yushkanov A. A. Smolukhowski problem for degenerate Bose gases/ / 
Theor. Mathem. Phys. Springer New York. Vol. 155, No. 3, June, 2008, pp. 936 - 
948. 

Latyshev A.V., Yushkanov A. A. Solution of the Skin Effect Problem with Arbitrary 
Coefficient of Specular Refiection// Comp. Mathem. and Mathem. Physics. 2009. 
Vol 49. No. 1, pp. 131 - 145. 



51 



[59] Latyshev A.V., Yushkanov A. A. Structure of the Electric Field im the Skin - Effect 
Problem// Physics of Solid State, 2009, Vol. 51, No. 4, pp. 662 - 669. ©Pleiades 
Publishing, Ltd., 2009. 

[60] Latyshev A.V., Yushkanov A. A. Smoluchowski problem for metals with mirror- 
diffusive boundary conditions// Theor. and Mathem. Physics, 161(1): 1403-1414 
(2009). 

[61] Latyshev A.V., Yushkanov A. A. Isothermal slip of a Fermi gas with specular-diffuse 
reflection from the boundary. - Russian Physics Journal: Volume 52, Issue 12 (2009), 
Page 1251. 

[62] Gritsienko N.V., Latyshev A.V., Yushkanov A. A. Plasma Waves Reflection from 
a Boundary with Specular Accomodative Conditions. - Comp. Maths, and Math. 
Phys. 2010, Vo 1. 50, No. 8, 1433-1446. 

[63] Latyshev A.V., Yushkanov A. A. Skin effect with arbitrary specularity in Maxwellian 
Plasma//J. of Math. Phys. 2010. V. 51, P. 113505-1-113505-10, pp. 10. 

[64] Latyshev A. V., Yushkanov A. A. Temperature jump in degenerate quantum gases in 
the presence of a Bose — Einstein condensate. Theor. and Mathem. Phys. V. 162(1), 
95-105 (2010). 

[65] Latyshev A.V., Yushkanov A. A. Temperature jump in degenerate quantum gases 
with the Bogoliubov exictation energy and in the presence of the Bose — Einstein 
condensate// Theor. and Mathem. Physics, 165(1): 1359-1371 (2010). 

[66] Latyshev A.V., Yushkanov A. A. HoBbiii mcto^ pemeHua rpaHHHHbix sa^an khhc- 

THHeCKOH TeOpHu/ / BMHHCJI. MaTCM. H MaTCM. (JjHSHKH, 2012, TOM 52, ^^3, C. 

1-14. 



